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1
STOCHASTIC ESTIMATION

The Steady State Kalman Filter:
Discrete-Time Case.

2
MOTIVATION

We seek special properties of discrete-
time Kalman filters when
o the state-dynamics are linear
and time invariant

e the measurement equation is
linear and time invariant

o the noise statistics are stationary

3
SUMMARY OF RESULTS

1) As t—o°, the error covariance
matrix Z({t}~ 2 = constant

2) The filter gain matrix H(t) —H=
constant

3} The Kalman filter is linear and
time-invariant

4
PROBLEM FORMULATION

o State Dynamics

x(t+1) = Ax(t) + Buft) +LEM (1)
o Measurement Equation
(t+1) = Cx(t+1) + alt+1) (2)

z
«A, B, L, C constant known matrices
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PROBABILISTIC ASSUMPTIONS

o INitial Time: t=0

o Initial State: x(0) gaussian
random vector

E{_)g(O)} = x(0)
cov [x(0);x(0)] = 3(0) = $'(0)= 0

6

Plant Noise &(t) is assumed to be
stationary, white, gaussian noise

E{EM]=0 allt-01,2, ...
cov [E0; E0] -5,
= 3 > 0 (== constant matrix)

7

Measu rement Noise glt), is assumed to
be stationary, white, gaussian noise

E{_@(t)} =0 allt=1,2 ...
cov [elt); oft) =86

tt
0= 0'>) (@= constant matrix)

Additional assumption:
x(0), &t), oflt1)

mutually independent for all t, T

8
SPECIAL FORM OF KALMAN FILTER
We can obtain using previous results

the discrete-time Kalman filter for
the special case

A B C L =,0 =constant matrices
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We shall also make additional assumptions

Controllability
A, L] = controllable

i. €.

| * i -
rank [L! AL AZ_;...; A" i] -n
Observability
[B, Q] = observable
e , _
rank [(_:t :Algri AlZQl E .. E Aln 1(;']

10
ERROR COVARIANCE MATRIX

¢ nitialization

(0/0) = 5(0) =cov [ x(0);x(0)]
sPredict Cycle
S < A ZEOA +LEL |

11
e{Jpdate Cycle

Z(+UE+]) = ZT+U1) - ZE+11C
Cfez e + g ez 4

eFilter Gain Matrix

Hit+1) = z (t+1/1+1)C'O

-1

12
ASYMPTOTIC PROPERTIES

. As t———oo the error covariance matrix

¥ (t/t) tends to a constant matrix 2, i.e.

lim =3

t_»oo

2 is called the steady-state error
covariance matrix

®

wh e hoise %(t) mos
1 exci T all dy naw ¢ modés

(12)

(13) all C‘)/V\QM(C Vnod&) muat
ho obferuablelm V)OU'@I@Q/J

(14) wmeéaroreé meut <

(17)

AS more and mor€
me adurewmerds are
—**qb(év\) w\'\ha.l

(19) ’lYMfIfUR)M G

Z [O)) Olg@mou-t-
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o Let

Soslim 3 (t+lt) (20)

Pt e
From predict equation
,ATAL T (21)

14
. From update equation

-1
=z -2 C {CzC'+0] "¢c3 22
A N[ R [Tez) e
. Combine predict and update eqs (21), (22)
03 4AZ AL (23)
=2, +A 2 A +LEL
-1 /
/09% ez c'+0 T CcE A
BN {__p_ } C3) A

« Eq. (23)iscalled the discrete algebraic
matrix Riccati equation

15
PROPERTIES OF 2, %,

- Both are symmetric and positive
definite matrices.
Zp is the unique positive definite

solution of the discrete algebraic
matrix Riccati equation.
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PROPERTIES OF FILTER GAIN MATRIX B (—L—) =|c Fotou«u

Recall
Hit) = Stiticto ™!
Since
z=lim (/)
t oo
Then
H =lim H(t) = constant
t = oo
H-zco’
17

ALTERNATE FORM FOR H
From Egs (27) and (22)

H=2 C'O
I U P

18

(24)

(26)

o7 K F pase approacke
a counstaukt wmatrix

_ ~ . ulatiou
K c JM oqlcula
29 sy sHead y—statle

predicted Covanand, 2 P

THE STEADY STATE ESTIMATE ( opHmal only q+ Swady—sh—&) vndér

e Predict Equation
kit 1) = AR (/1) + Bu(b)|
« Update Equation
X(t+1/t+1) = X(t+1/t)

tH [2(t+1) - CRit+ 1)

Couty., + oboerv. aan umrhow{) ,

(30) /
A Cou ke wnstable’

(31)

10.
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e Combine predict and update equations

I

Xit+1/t+1) = [A-HC A] R(t/t)
[ HCBJut
Hz t+1)

e The Kalman filter system matrix

X ICU
IN

[A-H C A] has all eigenvalues less

than unity

o Hence, steady state Kalman filter is
asymptotically stable in the large

20
SPECIAL CASE NO PLANT NOISE

.If
£ty =0 (set§= Oorl = Q>
then

Tlt+1t+1) = AZ(t) - 5 WHA'C'.
(QAZ (t/t)A'Q_'+Q> e aswy a

21
« Under observability assumptions

lim2(t/t)=2=0

t oo

lim % (/) = x(t)

{—=co

Hence, perfect state estimation occurs

S,

22
. Note that

lim Ht) =0

=

i. e. asymptotically Kalman filter
runs "open-loop"

A (o Uummblé (

pe—1

- (,ome}iuéld(ﬂ— 014
Couh$Hab:Uchu&d
olboecva bl 7.; a Sfowmphous

v.ola'{'&! CDM'hfv al') maxjumph,q.

(33)

(34)

» [t makes no sense to implement steady-

state Kalman filter

muST USE TIME=
VARY IWG lei= |

w I many many
W\ga/)u(‘éw&ij;) w €

rewove all Stale
un Certan ity !
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o To compensate for uncertainties
in A, B, L, Conemustusea
non-zero value for =

. This tends to prevent divergence
of Kalman filter.

24
SUMMARY OF CALCULATIONS

o Off-Line Computations

Step 1: Determine unique positive definite
solution matrix Z_p of algebraic

matrix equation - see eq. (23)
0=-2 +A3 A'+LEL
4] p AzpAThe=t

-1
- Al ! 1 O
Az c ez ezA

£, = lim 2t 1

t - oo

25
Step 2:(Optional) Find

I (i Ao Rop

2= lim Z{/)
f —oo
. 3 is useful to deduce RMS state
estimation accuracy a priori

26

Step 3: Calculate steady state filter gain
matrix H

- i H ‘1
H-zC[cz, ¢+ 9
or

-1
H=2C0

{42)

(43)

10.
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« On-Line Calculations

Step 4. Construct state estimate

X(t+1/t+1) = [A - HCA] Rt (44)
* [B- HCB] u () + Hz(t+1)
X(0/0) - £ [x(0) (45)
28 | ]
Note: Residual sequence (q+ SYeady ~Stode .
rt+1) 2 z(t+1) - CRE+11Y) (46)

= 2(t+1) - C [AR(t/t) + But)]

is stationary, gaussian, zero mean
white with

[C‘OV [rtt); r(t)] = [c z,C +0]6

Einde residuval Covanauee
Uncorrelaleol (u e !
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