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We examine two related problems for continuous-time optimal
estimation problems that are characterized by different
assumptions on the plant and the measurement noises, [1]-[3]

First, we examine the case that the plant noise £(t) and the
sensor noise At) are continuous-time white noise processes
which are not independent, i.e. they are “correlated”

Second, we consider problems for which the plant noise and the
measurement noise are not pure white noise processes, i.e.
they are “colored”

 we need the results of the correlated-noise case to derive
the results for the colored-noise case

The basic ideas can be extended to discrete-time filtering
problems, [1]-[3]






e Previous assumption E(t)‘,,white,but correlie‘d

(1) E{E@)}=0, E{EWE (1)} = E()S(t—7) L lX(tO) o(t)
\l’ z(t)

(2) E{0t)} =0, E{0(1)0'(1)} = O)5(t— v) "Wl By O [ O
(3) x(ty), &£(t), O(r) independent Vit 7 j

(4) E{£1)0'(z)}=0 independent V1,7 i

e New assumption PROBLEM
(5) E{S()}=0, E{1)S'(D)}=E(1)6(t-7) o We seek the optimal state -
(6) E{0(1)} =0, E{0(1)0'(7)} = O1)5(i - 7) estimate x(z) and its

(7) x(t,) independent of
&), O(t) Vit t
(8) E{(1)0'(z)} =¥ (1)5(t— 1)

covariance matrix 2'(t)



L‘i ® /white, but correlat\e;d

L(®) lX(tO) b
u(t) B (O % X(t) [ x(t) co ()
A(t) ]

e Plant and sensor modeling: x(z) eR”, u(t) e R?, &(t) e RP

d
©  EE—dx+ B+ LW () =%

(10) z(t) = C(t)x(t) +0(t); z(t) eR™, 6(t) e R™

e Initial state: x(7y) ~ N(xy, 2,) independentof &(z), O(z) Vit ¢
e Correlated white noises

(A1) E{&() =0, E{E()E (7)) = E(1)S(t—1); E(t) px p matrix

(12) E{6(1)} =0, E{0(1)0'(7)} = O(t)d(t— 7); O(t) m x m matrix

(13) E{&1)0'(z)}=¥()S(t—1); W(t) px m matrix




The structure of
the optimal KF for
the corellated
noise case is
identical to that of
the classical KBF,
except that the
filter gain matrix,
H(t), Is computed
by a different
formula

f.‘ t) «—° rellated

x(to)
L(t) l

LGIN o X(t) RES

Sa

0(t)

C(t)

2(t)




e State - estimate dynamics

o a’x(t)

= A(1)3(1) + Bt)u(t) + H,(1)[2() - C)Z(1)} (1) = %o
e Optimal fllter gain matrix for correlated noise case

(15) H, (1) =[2Z,@)C'(t)+ L)% (1))~ (1)
where X,(t)=2’(t) >0 Is the optimal state - covariance matrix that
IS the solution of the modified matrix Riccati differential equation

(16) a2.(1) [A(t) L(t)S”(t)@_l(t)C(t)]Z(t)Jr

+2,0)[40)-Lrme ' wew] + LwEw-vwe v Wl w

- Z.)C' O™ )C(H) Z,(1);  Z,(tg) = %
e Note that when the noises are uncorrelated, ¥(t) =0, egs. (14) to
(16) reduce to those of the standard KBF



e The basic idea is to make a change of variables so that the new

system can be solved using the standard KBF equations (with
uncorellated noises)
e Define anxm matrix D) as follows:
17 pw=Lw¥ )0 1)
e From the measurement equation (10) we have
(18) 0=2(1)=C(t)x()=0@t) = 0=D@)lz(t)~ C()x(t)~0(1)]
e Add the "special 0" of eq. (18) to the state dynamics (9)

(19) dﬂdfi = A()x(1) + B)u(t)+ L(1)5(t) + D@)lz(1) — C)x(1) — O)] =
s

(20) dﬂdttz =[A(t) — D(t)C(t)Ix(t) + B(t)u(t) + D(t)z(t) +

+lLwéw - Do)
Eet)




e Using the new random process ¢&,(¢) defined by

(1) & =LmED-DWOW = L) - P10 1o ]

In the state dynamics (20) and sensor equation (10) we obtain

2L~ L4 - DWW + B+ D) + 0

(23) z(t) = C(t)x(t) +O(t)
e Ineq. (22) the term B(t)u(t)+ D(t)z(t) represent known

(22)

time - functions. If we could prove that &, (z) is zero-mean
continuous white noise AND is uncorellated with &¢z) we can
then apply the standard KBF theory to the system of eqs. (22)
and (23)



e Fromeq. (21) & (t) = L(t)&(t)— D(1)6(t), so that
(24) E{& ()} =LWE{E1) - DA)E{O(t)} =0
0 0

(25)  E{S(W)é&(t)y=E {L(l‘)f(t) - D)W L(7)é(z) - D(7)0(7)] }
= L)EE(W)E () L' () + D) E{0(1) ' (z) }D'(7)

2(t)5(t—1) O(t)5(i-7)
- D(f){f{é’(f)f'(f)}L'(T) - L(f)ﬁ{f(f)é”(f)}D'(T) =
W (1)5(1—1) W(1)5(1—1)

(26)  E{S.)é&(0)f=[L@®)Z()L )+ D()O)D'(1)]5(t 1)
—[D@)¥'(t)L'(t)+ L(t)¥(t)D'(1)]5(t - t)
o Clearly, &,(t) is zero-mean continuous white noise with covariance
(27)  E{&(m)éu(t)}=Z,1)8( 1)
(28) E,(1) = L()E()L'(1)+D(t)O(1)D'(t) - D())¥"(t)L'(t) - L(1)¥ (1) D'(1)
= L@)|E0) - Ywo~ ¥ W '@

10



o Next, we showthat &,(z) and 6(¢t) are uncorrelated, i.e. that

29)  E{EWO(D)Y=0 Vi

e Fromeq. (21) we have
(30)  E{e®o(0)}=E{LwEt) - L¥0o” )ow]om)}=
= L) E{E(1)0' ()}~ LO¥ )0 WE{01)0 ()} =

W(t)S(t—1) O(t)5(t—1)
=Lt)¥(t)o(t—1)—L(t)¥(t)o(t—1)=0 OED
e Since we have established that ¢&,(#) and 6(t) are uncorrelated,
we can apply the standard KBF theory to the system of equations
(22) and (23) and verify that the optimal filter is that described by

egs. (14), (15) and (16). QED
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e The correlation matrix ¥(t) cannot be arbitrary. From the

definitions of eqgs. (11) to (13) we compute

(31) E{F( "‘)} | F( ”” . {E EWE @)Y ELEwo () }}

o] 10(7) E{01)E' (1)} E{01)0' (7))}

[E(r) s”(r)] e
') O

\. ./
'

()
e Since (Q(t) is a covariance matrix, it must be symmetric (which

it IS) and positive - semidefinite. This positive - semidefinite
requirement constrains the correlation matrix ¥(z).
e Also remember that ®(t) mustalso be positive definite,

sothat @ (1) exists
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ASSUMPTIONS
e Al matrices in the plant

and sensor equations
are constant

e The covariance matrices
are time -invariant

e The pair [A,L] Is stabilizable
(or controllable)

e The pair [A,C] is detectable
(or observable)

e THEN, the steady - state KBF
Is a linear, time - invariant
system, and the KF gain
matrix H, is constant

uft)

corelated

E(t) “«

lx(O)

REAL
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e Steady - state KBF equations for the correlated noise case

32 di(t)

= AX(t) + Bu(t)+ H,[z(t) - Cx(t)]; x(0)= E{x(0)}
e The constant nxm filter gain matrix H, is given by
33 H,=[zC+L¥p"
where the n xn symmetric and positive semidefinite matrix X,

IS the unigue solution matrix of the modified Riccati algebraic
eqguation

(34) o=[4-Lvo'Cls, + 5, [a-Lvo ']
+Iz-wo'v -z co7'cs,
e The stabilizability assumption of [A, B] and the detectability

assumption of [A, C] guarantee the asymptotic stability of the
filter in eq. (32)






In many practical applications, the physical disturbances acting

on the plant are NOT white

In general, we expect the plant disturbance vector, d(t), to be a
colored noise process

Also, the sensor noise vector, n(t), can often contain colored

noise elements

We need to extend the optimal estimation framework to handle
colored noise inputs 16



For a sailboat the physical
disturbances correspond to
the forces and moments
generated by the wind and
the waves

It is completely unrealistic to
model the wind and wave
disturbances as white noise

But, using the concept of
“prewhitening” we can model
them as the outputs of
(fictitious) dynamical
systems driven by (fictitious)
white noise

17



The physical sensors (gyros
and accelerometers) that are
used to measure the attitude
of a helicopter will contain

“colored noise” due to the Main Rotor Tail Rotor
vibrations caused by the Vi 2\
rotation of the main and tail e

rotors, in addition to a white
noise component

Also, the wind disturbances
will be colored noise

Once more, we can use the
“prewhitening” concept for
both disturbance and sensor
noise

18



e Both the plant disturbance
d(t) and the sensor noise
n(t) are colored noise
random processes

e The sensor noise n(t)
MUST contain a white noise
component ( d(t) may

as well)
e Plantdynamics: x,(t) eR”,; u(t) eR"; d(t) eR"
d
(35) xgt(t) = A, (0%, () + B, (Du(t) + L, ()d(0); %, (tg) ~ N(xp0, Zp0)

e Measurement equation: z(z) eR 7 ; n(t) eR"?

(36) z(t) = Cy (t)x (1) + M ,()n(1); Mljl (1) exists o



The Basic Idea

We have developed the Kalman-Bucy filter (KBF) equations
under the assumptions that both the plant noise and the
measurement noise are “pure white” random processes

In this version of the problem we allow the plant noise d(t) and
the sensor noise n(t) to also contain some “colored noise”
elements

The key idea is to transform the “colored noise” version into the
standard formulation so that we can apply the KBF equations

« this is done by using the concept of “prewhitening”, extended
to the time-varying case, so that we represent the colored
disturbance d(t) and the colored sensor noise n(t) as the
output of fictitious LTV dynamic systems driven by pure
white noise

Caution: the sensor noise n(t) must contain a (possibly small)
pure white-noise component for the KBF to be applicable

20



e The disturbance vector d(t) that drives the plant dynamics is
modeled as the output of an »n; —dimensional dynamic system
driven by gaussian zero mean, unit -intensity pure white noise

@ B x4 B0

(38) d(t)=Cy(t)xy(t) + Dy ()54 (1)
(39) E{S; (1)} =0; co&y(t): Sy(n)]=1-6(t— 1)

(40) xq(t9) ~ N(X 40, Zg0)
e The vector dimensions are

(41) x,(t) eR" ; E,(t) eRP4: d(t) eR"P >
e If D,;(t)=0, then the plant N Ba»ﬁ J e ca »é—»d
disturbance vector d(t) has no A T

white noise component
21



e The sensor noise n(¢) is modeled as the output of an n, —dimensional
LTV dynamic system driven by a gaussian zero -mean, unit -intensity
white noise 6, ()

@ U sy Bwow

(43) n(t) = Cs(t)xgy(t) + Dy (1)0 (1)

(44) E{0,(1)}=0, coV[f(1): 6,(t)]=1-6(t—7)

45)  x, ()~ N(%s0. Z50)

e The vector dimensions are

(46) x,(t) eR"™,0.(t) eR"?, n(t)eR"”?

e We MUST assume that

(47) D.'(1) exists
otherwise, we cannot use the standard KBF theory

e EQ.(47) implies that the sensor noise always
contains a white noise component 29



Sensor Noise
System Dynamics

Disturbance
System Dynamics

Plant
Dynamics
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e Combine the plant, disturbance and sensor dynamics in an augmented

state - space system

d'xp(t)' A, (1) L,0)Cyt) 0 |[x,@®)] [B,(1)
(48) 0 x;(0)|=| O Ay (1) 0 |-|xz8)|+] O |u@)+
st(t)_J L 0 0 As(t)_J st(t)_J L 0 ]
x(1) A(t) x(1) B(t)
L,(t)Dy(t) 0 £t
+ B,(t) 0 : 0.1
0 B ===
L(t)
_xp(t)_
(49) ) =[C,) 0 M,WCW]|xi®)|+M,®D; )6, (1)
() | x5 (2) ] o1)
x(t)

e The system (48) and (49) is in the standard KBF form, except that
the white noises £&(¢r) and @(t) are correlated (as in Part I)

24



e Assume that the disturbance - dynamics white noise ¢&,(¢) and the

sensor - noise - dynamics white noise 6, (z) are mutually independent
and are also independent of allinitial state vectors
e Fromegs. (48) and (49) we have

(50) &(1) = Eﬂ’ gj

therefore, we can calculate the correlation matrix ¥(r) by

Sq(t)
0,(1)

}- 0(1) = M,,(1) D, (1)0, (1
(51) srf(r)é(t—r)zE{f(r)e'(r)}ﬂ{ ]e;(f)p,;(f)M;?(f)} .
E{&,(0)6;(2)}-Dy(x) M}, () ] ;
E{0, e (D)}D;()M}y(7) | {D; WM, (t)} o(t=1)

. J

I-5(t—7) i ()

25



e It remains to calculate the covariance matrices of the augmented white
noises &(t) and 6(t). Fromegs. (48) and (49) we have

(1)
0,(1)

(52) &) s{ } 0(1) = M, (1)D, (1)0,(1) =

(53) E(r)a(t—r)zE{g(r)f'(r)}=E{e (1)} [£:() e'm]}

E{fd(f)é:d(f)} E{é:d(t)‘gl(f)}

_ ]5(t 7) |:[ O:|§(l‘—2')
E{0,()& (1)} E{, (t)<9’ (0} Lo 1]

0 15(t 7) i E(1)
(54) O(t)5(t - 2') E{0()0'(z)} = M,, (1) D,(t) {0, ()6, (1) } D} ()M () =
I5(t 7)

= M, (t)Dy (1) Dy () My, (1)5(t — )
o)

26



e The augmented equations (48) and (49) have the standard form

d);(tf) = A(t)x(t) + B(tu(t) + L(t)&E(t)

(56)  z(t) = C(t)x(t) + O(t)

with the following definitions

(55)

X, (1) (A1) L,(1)Cy(t) 0 (B, (1)]
(57) x(t)=|x40) | At)=| O Ay (1) 0 |Bt)=| O
| Xs(2) |0 0 Ag (1) ] 0
T S| B
C)=[Cp1) O Mp(t)Cs(t)]é(t)= 6.(1) 0(t) = M, (1) D; (1)0, (1)

i 0
E(1) = 0 J; P(t) = [D; (t)ij(t)}' O(t) =M, (1) Dy(1) Ds ()M, (1)

e \We can now apply the equations (14) to (16) to the above system
(55) to (57) to obtain the filter equations 27



e The augmented state vector x(¢) ineq. (57) has dimension n, +n, + n,
e Thus, the covariance matrix 2 (¢) defined by the Riccati equation (16)
is an (n, +ny +ny )x (np +n, +n, ) matrix, decomposable into
Zop() Zpalt) Zp()
(58)  ZW)=|Zput) Zut) Zu(t)
| ZZ’?S (t) 2 C’ZS (t) 2 SS (t) B
and the filter gain matrix H,(t) defined by eq. (15) can be decomposed

H,(t)| n,xm,matrix
(59) H,(t)=|Hy(t)| ngxm,matrix

| Hy(1) | ng x m, matrix

e Given the augmented variable definitions of eq. (57) we can solve the
Riccati equation (16) to calculate X,(r) and substitute into eq. (15)
to calculate the gain matrix H,(¢) and its decomposition (59)

28



e Once we have calculated the filter gain matrix (59) we can state the
state - estimate equations of eq. (14), using the decomposition

_)Ep (1) ] <« plant— stateestimate
(60) X(t)=|x4(t)| < disturbance— stateestimate
| X, (1) <— sensor — stateestimate

e Define the m, - dimensional residual vector r()

(61)  r(1)=2(1) - Cp()i, (1)~ M, (1)C, (1)3,(1)

A(t)
e Then, the different state-estimates are generated by
dx , (t
(62) xj’t() =A,(t)x,(t)+ B,(H)u(t) + L, (t)?d(t)vfd(t)J +H, (t)r(1)
d(t)
63 Ly i, 0+ Hy )
64) Ly @i )+ B0

dt



'

v

o

N
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e |t is importantto realize that > Filter A .

X
0
5>

the optimal filter generates an

estimate d(z) of the colored- |
part of the plant disturbance d(t) .
using the disturbance state - : Ad

estimate x,(1)

e Similarly, the optimal filter

generates an estimate n(t)

of the colored- part of the

sensor noise n(t) using the
sensor dynamics state - estimate

Xs (1)




e Assume that all matrices in the state dynamics and sensor equation
are constant, i.e.

dx, (1)
dt

(66) z(t) = C,x, (1) + M,n(t)

¢ \We must assume that the plant disturbance d(z) is stationary and

(65)

= A, (1) + Bu(t)+ L,d(t)

IS generated by the stable LTI dynamic system ( &,(¢z) stationary WN)

61 L x4 B0

(68) d(t)=Cyxg(t)+ Dycq(t)
e \We must also assume that the sensor noise n(t) is stationary and
IS generated by the stable LTI dynamic system ( €, (¢) stationary WN)

69 ELlodxw+now
(70)  n(t) = Cox,(1) + D6, (1)



Additional Assumptions

The assumed stability of the dynamic systems that generate the
disturbance and the sensor noise satisfy the required
stabilizability and detectability assumptions for a well-posed
steady-state KBF

Since the plant may be unstable, we need to be sure that all
unstable modes of the plant are observable, so the pair [A,,C ]
must be detectable (the modes of the disturbance dynamics are
assumed to be all stable so that they are automatically
detectable)

We also must ensure that all plant unstable modes are
controllable from the plant white noise. In this case the plant
white noise comes from & (t) in the disturbance dynamics, so the
pair [A,, L,] must be stabilizable

Both matrices Dg and M, must be invertible, so that there
always exists some white noise corrupting the measurements
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Sensor Noise
System Dynamics

Disturbance
System Dynamics

Plant
Dynamics

:—> Filter

5>

+N>
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e The plant - state estimates x,(z) are generated by
dx , (1)

(71) =Ap32p () +Bpu(t)+ L, C,x4(1) +Hpr(t)
d(t)

e The disturbance - state estimates x,(z) are generated by

dt

12 o+ Harw) A= Coig0

e The sensor noise state estimates x,(z) are generated by
13 Bl s a0 =G0

e The residual vector r(z) is defined by
(74) r(t)=z(t) - C,X,(t) - M,CX (1)
%/_J
n(t)

e The constant KBF gain-matrices are H,, (n, xm, ) H, (ng xm,)

H \n, xmp) inegs. (71), (72), (73), respectively
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e For the constant matrix case we use the obvious definitions

A LG 0 &40
(75) A=l 0 A4, 0| cz[cp 0 MpCS]§(t)EL) (t)}-
0 0 A ] .

I 0 0
0(t)=M,D0(1); == [o J; Y= { o } ®= M,D,D;M,
TP

e \We use the above augmented matrices to solve the modified
algebraic Riccati equation (34), where X, decomposes to

pr Zpd Zps
(76) 2e=|2pa 2aa 2ds
_21’98 ZC’ZS Zss )

 Note that the diagonal - blocks matrices %, , %;;, X, are the

covariance matrices of the plant- state, disturbance - state, and
Sensor- noise - state, respectively
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e We use eq. (33) and the augmented matrices to calculate the
constant filter - gain matrix H,

Hp n,xm, matrix

(77) He = Hd ng X mp mat”X

| Hg | ng xm, matrix

which are required to implement the state - estimators of egs.

(71) to (73) 37



Accurate modeling of colored disturbance and sensor-noise
random processes greatly improves the performance of the KBF

It turns out that disturbance and/or sensor-noise modeling is
particularly useful when one designs optimal feedback control
systems that must have superior performance in disturbance-
rejection and insensitivity to sensor noise

Even though the complexity of the KBF increases, due to the
augmented dynamics, this is typically justified because of
performance gains
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