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STOCHASTIC ESTIMATION

Review of Probabilistic
Concepts
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SCALAR RANDOM VARIABLES

e Let x be a random variable, the outcome
of a probabilistic experiment,

e Let p(x) denote probability density func-
tion of x.

Then

p(xl)dx1 = probability that the value
of x will be in the interval
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VISUALIZATION
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EXPECTED VALUES

e Definition
oo
E{x}é%éf xpx)dx
+ oo
ELROO} - [ T00pi)dx
c_f\lo_tg:
E{x-X}=0
5
VARIANCE
var [XJ 4F {(x-i)z}
e
é_[ (X=X p(x) dx

variance = (standard devia’cion)2
e We shall also write

cov [x;x] =var[x]

6
JOINT DENSITIES

e x and y are random variables.

e p(x, y) = joint probability density
function

xlsxsx1+dx1 AND

ypsy sy tdyy

p(xl, yl) dxldy1 = probability that




EXPECTED VALUES
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7€E{y}=jf yplx, yldxdy

-00 Ym0
+ oo oo

E{f(x,y)}=f f flx, y)pl, yldx dy

i =) -0
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VARIANCES

var[x] &y &

e e’

+ o0 4 oo

=f f (x~¥)2p(x,y)dxdy

-G e OO

votome x p(x,,y)d ¥4y,
#orOMaH d)cl,dY‘
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COVARIANCE AND CORRELATION

e Covariance ﬁ(am (u) Lt -
nyécov[x;y]éE{(x~X)(y-W} (14)4(;5)”:(5(—32}(7’"7)

+ oo 4 oo

A o=
f f =X} y-yiplx, y)dx dy

” =cov[y;x}
e Correlation (wmmov\m statisheal 5”\.:)'7.(6!)
2
Xy
plx, y) = ——— (15)
/ZX Zy

[Pl y)| <1 (16)
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INDEPENDENCE
elf x and y are independent random — 0
variables Ilﬁ (o(x, y) +1

px, y) =px) ply) (17) +his do'oﬂl not

orjly méau
e [mplications n ecessarily
E{xy}=E{X}E{Y}=W (18) +Haat xqwd}; .
éu
cov [y = { 630 ty-7)) 19) ~ awe iudeped
“E{x-x}peE{y-y}-0 Kve.
plx,y)=0 (20)
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PROPERTIES

px,y =0 (21)

+ 00 400

f f plx, yldxdy=1 (22)
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OTHER DEFINITIONS

e Marginal density

+ oo

p(x>=f pix, v dy

- O

+ oo

P(y)=f plx, y)dx

- OO

® Conditional density

14

pixly) or plylx

INTERPRETATION

plx,y)= }omt’\denszty

P
plxly)= conditionalhdensityhof X

given the value of y

p'(x1 lyl) dx1 = probability that

xlsxsx1+dx1

given that we have
seen the value Y=y
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BAYES RULE

pix, yl=plylply)
=plytx)pix)

®|f X, y independent

pixty)=p)
plylx)=ply)

proh.
" ﬁmc"”" (PD':) (26)

k.  Luncho4

(27)

(28)
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COND ITIONAL EXPECTATIONS

+ oo

E{xly}=[ xplxly)dx

OO

= a function of y

+ oo

E{ylx}=f yplylx)dy

- O

=3 function of x

eNote: E{xly}+E{x}

E{yix}+e{y}

17
CONDITIONAL VARIANCES

var[xly%Eg(x—E{xly})
=f+w<x—E{xly}>2p(x

-0

= a function of y

(33)

EQ\Jalt'[; would hotd “f
¥ oud y were mde peud eut RVs

21yl e

fy)dx
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Example

® X =.weigh‘(
y = height

E{x} =152 Ibs
| =5ft8in

X

T

x 1yE 6ft3in} =195 Ibs
y .

lxﬁi@lbs b=3ft2in
20

RANDOM VECTORS

e X n-dimensional random vector

{
E
E{
E

X1
X
X = 2 (35)
X
LN rea\
X1 XZ’ ..., Xy are scalarhrandom

variables, jointly distributed

Mwuﬁd; 'P_V.f (

' ot
o Joint Density (ot PDF) Al ¥a W57
DQ{):P(XI, Xys vees Xn) (36)
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EXPECTATION
+ oo
E{X}ézéj x pix)dx (37) Chorthand .f-..;r‘ (?9)
MEixl}j
E{x
E{x} - ...2} 38)
B
+ oo + oo ‘
E{Xi}=f f xip(xl,..@.,xn)dxl...dxn (39) ‘*'—'—‘-(,Z)‘”J‘ﬁ
+ oo
e{fx} - [ fpiadx 40)
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Example: A, b deterministic use .‘f(x):

COVARIANCE MATRIX

e X € R, random vector

5 foov [x;x ] EE {08 (x-X)')

—cov[xl;xl] cov[xl;xz] cov[xl;xn]

™M
>

------------------------

COV X, : X cov[x . X ] cov[x . X ]
L n] 2'"n n’n

e 2 symmetric, positive semidefinite
n x n matrix.
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LINEAR COMBINATIONS OF

INDEPENDENT RANDOM VECTORS

e x, y independent random vectors =
plx, y)=p(x)ply)
¢ Mean Calculation
E{Ax+By}-AE{x}+BE{y}

e Note:

cov|x;y | =0

(45)

True also f:’f‘
40) yppendeut RVs

(4r)
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e Covariance Calculation (__)f and y mdefem&w—l:)

z=Ax+By (48)
olet
gz=cov[_z_;g] (49)
Z,°COV|X;X
“X——cov[" 2 50)
2, coov[yiy] |
e Then equqhau l
[Z,-Az A +Bz B | 51 Key
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GAUSSTAN RANDOM VARIABLES

e X: scalar Gaussian random variable

(éaﬂfflam = Norma ‘)

E{x} =%, var [x ] =2 (52) bod
: , . qu
e Gaussian Density Function 0f+é“ we Wt Short
1 1 9 = i)
x) = exp |~ 5= (X-X) (53) N (X
o P 7 wn M
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GAUSSITAN RANDOM VECTORS
haud
e x: n-dimensional Gaussian random £+W we Uure Sh‘”*
vector (' o C; i)
_ . f ~d H S
§=E{§}; §=cov[§;§] (54) -
e Gaussian Density Function
_n 1
) 2 <, 2
p(x)=(2m =~ (det 2) 55)
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FACTS

elf X,y independent Gaussian
~ random vectors

sThen, the random vector
Z=Ax+By (56)
is also Gaussian.
*Rule: Linearity preserves
gaussian distribution.
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