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STOCHASTIC ESTIMATION

Response of Linear Systems to
White Noise Inputs: Discrete
Time Case

2

MATHEMATICAL DEFINITION OF
DISCRETE-TIME WHITE NOISE

e Time index Exam?le-f-' B'C")
t=0, 1,2, ... Roulette
®Discrete white noise € (t)
® Mean :
E{et}=Ew (1)
3
e Covariance: (
cov[£0; £01)] | @ Fwite vanauce -
=E;(_g(t)-g(t))(g_(r)~§<r>)'} Zeo hme_ correlatt ou
I,

06“ is Kroenecker delta e

o)1 if t=1
Ot {0 if teT G)

=0=Z") =0 intensity matrix (4)




PROBLEM FORMULATION
e State Dynamics:

® Initial State x (0): random vector

E®): discrete white noise

*AM, BM), L), utt): deterministic

#
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BASIC QUESTIONS
— 2 X0 TUND

How does x (t) propagate on the
average?

— Determine E{x(t)} 45 )

® How variable is X (t) about its average?

— Determine cov [g(t);g(t)] s )
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INITIAL STATE UNCERTAINTY

¢x(0) € R, is random vector

*X(0), Z(0) assumed known
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DRIVING WHITE NOISE
—— 22 WhHIIE NOISE

e £ (t) white discrete time noise
sequence

E{Em} = Ew)
Cov [ Et); £ (1)] =

Deterministc

5)

discrete-hme WA

(7)




—  Cov {_g_m;ym] =0

£ (t), x(0) independent for all t

‘_E_(t), = (t) assumed known
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SUMMARY OF RESULTS

< State sequence x (t) is Markov

sequence.

e Mean Dynamics

10

(10)

‘ Houwn
’DynammPfDPaﬁ“ \
5 o covamance ((oncertaiuty ).

OFE—-LINE
16 Mo need to K"’o‘*‘)_“(t)~

whm‘—tf fcenraros.
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DERIVATION OF MEAN DYNAMICS

e State Dynamics
xt+D=AxM +BOu®) + LM EM) (17)

E{xt+D} =E{AGXD +BOUD +LOED}  (18)
SAME{x® |+ BOu) +LOE{EW ]

| DS L—-V::\_J
e Therefore 2 (t) s (t)
Xt +1)= AV () + Bt ut) + Let) E 1) (19)

12 r‘of)
"Error' Dynamics ( P redychown €0

X0 2xt-x); E{x)} =0 (20)
efrom Eqs (17) and (19) |

Xt+1D=A®XM® + L) E) (21)

where

EM=cm-Ew (22)

E{E)} =0 (23)

cov [Et); E(0) ] =E{EWE (1)) (24)

=26,

. = C N o mca)
DERIVATION OF COVARIANCE DYNAMICS ( Error Cova

e State covariance matrix 2 (t)

200 Scov [ x(0); x(0)] 25)
£} (xt0 gt)(gm«zm)‘g
CE{Z0T )




14 State x(+) and
s{t+1)=E _)N_(_(J(“*”I)X'(tJfl)} (26) error géﬁ);nJéﬂémJ@u"L

-E{[Aanx0 +LOEO][ADTOD + LOEMD] ) cf §(f), Sinca §(+)
SARE{XOZ M} A+ LOE{EOE® ]} L't I ;.' ccrote-hme WN,
R g N, s
() =Q
+AME{ROE ML O +LOE{EOX ® ]} A W)
N e R
0 0

15
e Hence

_ (27)
HLE Z L)
®Note: Covariance Propagation
independent of input u (t).
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STOCHASTIC DYNAMIC SYSTEM

WHITE £ ()

NOISE i =

L) I x(0)
INPUT ¢ A X+ x(t)  STATE
O—~—&—)—>~ Bit) b—> — DELAY = =
y b
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DYNAMIC SYSTEM THAT GENERATES MEAN STATE

Qéphca of S)/f+€w d)/mqw;{c_{

{r—
sy
I <
=

X : ACTUAL x{l)
& : MEAN X (1)
o ¢ XM+ NIM

(t+1) x(t)
O— B(1) ——~——~+> = DELAY
+ L\
A(t)
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CONCLUSION
® The mean X (t) of x(t) is generated

by a deterministic dynamic system

with identical structure to the sto-

chastic one. All random quantities

are replaced by their expected values.
19

TIME t
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STEADY-STATE CONSIDERATIONS

eTime Invariant State Dynamics
x{t+l)=Axt)+Bult) +LE)

e Stationary white noise
cav{é(t);_&_(.r)] = 5—6’["(

els there a limiting behavior of 3 (t)?

21
RESULT

elf A is strictly stable matrix, i.e.

l)\i(f\_)[<1; i=1,2,...,n

eThen for all 2 (0)

22

elf [_@, _L_] is controllable, then
is positive definite.

0123454678910

(28)

Steady-statz (statistice ))

E,ﬂéééa o.f tn i hockl
Condrhouns o1 @-owt

—-)[or >table P(qm—rLS

Recall
-

et

R T ""L]:M
ranc[L! ALIATL AL

e, WN excitens all
modos oﬁ dynamic SyHBUi
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FURTHER FACTS

e [f initial state x(0) is gaussian.

e |f white noise € (t) is gaussian for
all t.

eThen x () is gaussian for all t > 0.
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