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« We shall only discuss the case of linear time-invariant systems

» extensions to the time-varying case are available, [1], [2]
* The Basic Problem:

« we start with a continuous-time linear dynamic system driven
by stationary continuous-time white noise

* we want to correctly simulate it on a digital computer using a
discrete-time equivalent

* how do we determine the “correct” linear discrete-time
system and its noise statistics, so that both systems have
identical statistical properties at the discrete time instants?



CONTINUOUS LTI SYSTEM

@ == v+ L
(2) E{x(0)} =X\, cov[x(0;x(0]= 2,

&(t): continuous white noise

(3) E{&(t)}=0; cov[é(t); &)= E5(t-7) — " -

e Simulation time step: A=t -1
DISCRETE-TIME EQUIVALENT (¢, =0)

(4) x(t + A) = x(t;) + w(ty)

w(t,): discrete white noise witi)

X{tk+A) J

e Find the state - transition matrix @
e Findthe mean, E{w(t)}
e Find the covariance matrix,

cov[w(tk),’ W(fj)]E Q5tktj
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dx(t)
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(6) E{x(0)} =X, cov[x(0;,x(0]= 2, “
(7) E{§(1)}=0; coé(t); &(r)]= E8(t - 1)
e Evolution of mean state, x(z) = E{x(t)}

dx (1)
8
(8) "
e Evolution of covariance matrix, 2'(¢) = cov[x(t); x(t)]

= Ax(t) + L&(t) LN

= Ax(t); %(0)=x, = x(t)=e"%,

(9) di—t(t):AZ(t)+2(t)A'+Lﬂ'; 20)=2, =

(10) 2(t) = eAZZOeA"" + ﬁeA(Z_T)LEL’eA'(t_T)dT



e Simulation time - step:
(11) A=t 1—t;, k=0,1,2,...; t,=0 T
|

t1 t2 ft3 tk  tk+1

e Notation: x(k)=x(t,);, w(k)=w(t) | —— >

e Structure of discrete LTI system 1 ko2 o3 K et

(12) x(tj1) = x(t; + A) = Tx(4;) + w(ty) =

(13) x(k+1)=@x(k)+w(k) lX(O)

e Mean propagation: x(k)= E{x(k)}

(14) %(k+1) = @x(k) +w(k); %(0) =X,

e Covariance : P(k)=coVx(k); x(k)] o le

(15) P(k+1) = @P(k)@ + O, P(0) =%,
where

(16) cofw(k); w(j)]= Oy;

W(tk) X(tk+A) o D X(tk) >




e Determine @, O, w(k) In
the discrete - time model
such that at the discrete

time Iinstants the mean and
covariance of the state of

continuous and discrete
models are identical

e \We shall show that
(17) @ =4
(18) w(k)=10

(19) O= feA(A_T)LEL’eA’(A_T)dT
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e The continuous -time mean - state, x(z) = E{x(t)}, is given by eq. (8)
(20) X(t)= e’ i
e Set = A4, toobtain
(21) X(4) =%,
o Att= Athe discrete-time indexis k£ =1, so from the discrete-time
mean - state eq. (14) we have
(22) X)) =a%(0)+w(0) =%, +w(0) = d=e H0)=0
e By induction, attimes ¢, ,discrete-index k£, we conclude
(23) o=e, Wk)=0 = x(kA)=%(k) Vk=012,..
so that the discrete - time system evolves as
(24)  x(k+1)=e*x(k)+w(k); %(0)=%, w(k)=0;
cov[w(k); w(j)]= Q0



e Letr=A4 sothat £ =1. Fromthe continuous -time

covariance propagation, eq. (10), the state covariance is
(25) 2(A) = ez, + LAeA(A_T)Lﬂ’eA'(A_T)dT

e Fromeq. (15), with @ =¢"4, the discrete - system covariance is
(26) P(1) =@P0)D +Q=e13,e? + 0
e From egs. (25) and (26), requiring 2'(4) = P(1), we conclude

(27) 0= ﬁeA(A_T)LEZ’eA'(A_T)dT

and by induction, eq. (27) guarantees that

(28) 2(kA)=P(k) Yk=0,12,..

e Note thatevenif LZL’ is a diagonal matrix, the equivalent
discrete - time covariance, O, is not diagonal, in general



e Suppose that the continuous - time system is stable, i.e.

(29) Re{;(A)}<0 = |4(@)=|4(e™)|<1 Vi=12...n

e For stable systems we know that the steady - state covariance
matrices, 2 and P, satisfy the Lyapunov equations

(30) 0=AX+34'+LAL"; P=etPet™ 40

e |t follows that we can calculate the equivalent covariance P
without solving the convolution matrix integral (27) as follows
STEP#1: Calculate, using MATLAB, X from eq. (30)
STEP#2: Since we musthave X =P, fromeq. (30) we obtain

(31) F=e! 10 = Q0=3-eMnt

e Recall that the matrix exponential is given by the infinite series

1 |
(32) eAA=I+AA+2—/AzA2 +...+k—/AkAk+...

e Forsmall 4, 4— 0,ignoring the quadratic and higher - order terms

e =1+ 44 and so we can use the approximation
(33) Q= A(LEL')



We have provided the precise manner by which we can simulate
a continuous-time linear time-invariant (LTI) system using a
discrete-time equivalent, in the sense that

» the expected value of the state vector is identical at the
sampling times for both systems

 the state covariance matrix is identical at the sampling times
for both systems

Naturally, it makes no sense of having the real state vectors be
identical, only their statistical properties
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