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STOCHASTIC ESTIMATION

Response of Linear Systems to
White Noise Inputs: Continuous
Time Case
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PROBLEM FORMULATION

eState Dynamics: /
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%)= Aft)x () + B ) ut)
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e [nitial State x (t ): random vector

0
ef (t): continuous white noise

eA(t), B(t), L(t), uft): deterministic
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BASIC QUESTIONS

® How does x (t) propagate on the
average?
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—=— Determine E{ﬁ(t)} X (t)

e How variable is x (t) about its average?

—= Determine cov | x(t); x (t) ] = 2 (t)
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INITIAL UNCERTAINTY

ex(ty) is random vector

x(ty) € R, 2)
. te
E{g(to) } =X (t,) assumed known (3) = v hal Sfa
— 2 uncerta V"{”/
cov [ x(ty); x(t,) ] ()
“EJ (2t -Xity) (xtty) - x|
=2, assumed known
5,72, 20 (5)
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DRIVING WHITE NOISE
£ (t) white continuous-time noise .
E{EM}EEm )  Dirge slelta fonctou
o [E0; E01)] = =0 ot-1)— (1)
[E0:em] - 2 I
IM=Z'=0 (8) -

)i snfrvite varanc
& (t), x (ty) independent for all t A
L ho fume—correlah oy
= cov [ £t x(t )]0 9)

€(t), = (t) assumed known. _
6 T—called intensity matrix
SUMMARY OF RESULTS

e State x () € R, is a colored Markov
process (not white).

& Mlean Dynamics

E{xt}£x00) (10)
~§—,[~ X() = AX() + Bt ut)
T (11)
LI Et)
X (o) = E{x(ty) } known (12)
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e X (t) is computed either by direct
numerical solution of (11) or by the
formula

STOCHASTIC DYNAMIC SYSTEM

WHITE NOISE
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® Covariance Dynamics

4 g(x(ﬂ—g(ﬂ)(yt)—z(t))'} (14) ’
] independent of BE) Ul

= cov [ x(t); x(t)
T =32 0 MS)
’D)’naM.é e\/c"u’ho;;/

(16) Ofcovqnqma maTtsX
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2 (t) is determined either from direct

numerical solution of Eq (16) or by the

formula
T =06, t) 3, 0, t,)
t (18)
+f o, TILDZ (ML o', T)dT
t
0
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e Cross Covariance Dynamics (Co( ré\ahou Mcrf'nx)

s, 2E N xt-x0)) (x(0)-%(1))
o =co§/<ﬁx(t)-§x(2)<fT T?i tT ) § 19
e Define - d @ U:Jt) :,_l_\ ({)§(f) t>
I, ° s o0 d* ~ i(z _CB:I
/ S

/Given 3 (T, 1), 2(t, T)is computed by

t>T1

2, =3, 1)l t, 1),




1
DIGRESSION

For proofs we need certain properties
of expectation operator

E{A Xt +BM Y} 22)
=AME{x( }+BOE{y(t) ]}
1
%E{X(t)}=£}-§-{5(t),$ (3) Expechon o(er?%vr
| Commo ker Wit
b h c i
Elxt)bdt=£] x(t)dt (24) o\\({wem\qaﬁom
ja {~ } Ma - E | iu+03m+;am opera%vrs
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DERIVATION OF MEAN DYNAMICS

e State Dynamics

()= A x(t) + B ut)+ LI E ) (25)
o \_d

E{x(t} =7 E{xtt} (26)

SE{A Xt + BRI ut) + L EM}

- ABE{x(} +Blutt) + LOE{EW]
eTherefore

Xt = ABXM +BEu® +LHEM (27)
s o eceor)
DEFINITION OF "ERROR" VECTOR X (t) (Pred.c:fhau

Xt Exit - %) )

. X 28)
E{xw}=0 |

NOTE: From Egs (25) and (27)

X = AR M) + LI E ) (29)
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Ebeem-Ew (30
E{Et}=0 (1)
cov [ Eth; E(1) [=E{E) (1)) (32)
=cov [£(t); £(T) ] = =) 6t-1)
18
e Hence
Z(t) = cov [ x(t); x(t)] (33)
: ;(ggm~z<t>)(5m~z<t>)'f
“E{X 1)}
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DERIVATION OF COVARIANCE DYNAMICS
d Cd e
=g E{ROT M} (34)
e b d /oo
~E§E<5(t)g<_(t)>§
TE{XORO XX )
20
®From Egs (29) and (34)
T E{ADXOX 0+ L) E®) 7 1) (35)
LXK 1) AL +
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e From (35) and (37)
S =AM TH+ AW (38)
sitwzorwn
2 = il =
R
5 [5 L (t)} L)
or LTV Lyapunes matrix DE
S =AM T+ 51 A M) (39)
— _ +
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STEADY STATE CONS IDERATIONS
= 2R VUINOIDERATTONS

eTime Invariant State Dynamics

Xt =Ax® +Buth +LE 1) (40)

e Stationary White Noise
cov | £t E() | - = 5t-1) (41)

&

eIs there a limiting behavior of 2

25
RESULT
e[f A is strictly stable matrix, i.e.
Re A (A)<0; i=1,2,...,n (42)
*Then forall 3 (t,)
lim 3t =3 exists (43)
t —= oo
2 =2" > 0=constant (44)

[@=AZ Zé’kéﬁj (45)
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e |f {A L] is controllable, then p3
Is positive definite,

Com-l—au\‘f' [ M*l’emgi +>’
Ma+n x
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FURTHER FACTS

e If initial state x (t,) is gaussian.
e |f white noise € () is gaussian.

eThen, x(t) is gaussian forall t >0,
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NUMERICAL EXAMPLE

e State Dynamics

]
X(t) = -x{) + £) (46)
E{x(0) } =2 }
(47)
cov [ x(0); x(0) ] = 4
E{e} =0 }
(48)
cov [ §(t); €(1) ] = 6 8(t-T)
29
eEvolution of Mean
X(t) = E{xt)} (49) % (6)
XM =-%t); X0 -2 (50) 2 ’\*\\
—| %(t)=2¢" (51) | ~
30
e Fvolution of Variance
5 (1) =E§(x(t)-z<t))2§ 52) 2
4 PSR e G i
S =-25@)+6; (0 =4 (53) 3177 ‘
|5ty -e e 3 54) )






