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1
STOCHASTIC ESTIMATION

The Discrete-Time Kalman
Filter

Part 1

2
MOTIVATION

o« Given a discrete-time, linear,
time-varying plant
«with random initial state
« driven by white plant noise

«Given noisy measurements
of linear combinations of
the plant state variables

«Determine "best' estimate of the
plant state variables

3
PROBLEM FORMULATION

» State Dynamics

X(t+1) = Al () + Bt u(t)
+LIE) € (1)

«Measurement Equation
z(t+1) = C(t+1)x(t+1)
+6 (t+1)

«Time index: =0, 1,2, . . =




VARIABLE DEFINITIONS

x(t)e Rn state vector (stochastic
sequence non-white)

u(t)leR_ deterministic input
sequence

E(t)e Rp white plant noise

e (t)e Rr white measurement
noise

z(t)eR measurement vector

PROBABILISTIC INFORMATION
-Initial State x (o) is gaussian
Egg(o)s = X (0)
cov[x.(o);x(o)}

i<t |

2 =2
0 0

20

- plant noise € (1) is gaussian discrete
white noise

Efet)} =0
cov [g_m; g_m}= S (t) 6

«Measurement noise o(t) is gaussian
discrete white noise

E gg(t)$ - 0

cov [o(t); o) =010 -

- 9' ()50 )i

o <
~ 1D

(

==—gvery measurement is corrupted
by white noise

. xl(0), €(t), alT)

are independent
forallt,T

(11)

6.2



8 U
DEFINITION OF FILTERING ®
PROBLEM s

.Let t denote present value of time ;\ i €
.Given the sequence of past inputs z
Ult-1) é%g(@), gm,...,g(t-ug 12) X

ments

.Given the sequence of past measure- *
.
{
i

zmé§;(1),;<2),...,;m§ (13)

.Determine a "good'' estimate of the
state x(t)

g FACT'!
THE PROPERTY OF THE CONDITIONAL

DENSITY FUNCTION
p(x(D)IZ(1), ult-1))

The linearity of
(a) the state equation

(b) the measurement equation
and the gaussian nature of
(a) the initial state, x(0)
(b) the plant white noise, g(t)
(c) the measurement white
noise e(t)

imply that
p(x(t)/ Z(t), U(t-1))is gaussian (14)

10

Hence the conditional state density
function is uniquely characterized

. ¥ (t[t)= f_’.‘ wp (x (f)lZ(t),U(“’g)é—&&)

(i) the conditional mean
gmt)égig(t)/zm,U(t-l)} (15)
(i) the conditional covariance

3 (tt) = cov| OIZ,u -1 (16)

[(Y £ (x )X (+4) ‘o(xt lZ(&]I

U (i) dxte]

6.3
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DEFINITION OF OPTIMAL ESTIMATE
OF x(t)

Since px(t)/Z(t), U(t-1) is
gaussian then all reasonable estimates
(mean, median, most probable) are
the same.

12

Hence the optimal estimate of x (t)
jiven

. past measurements, 7 (t)
. past inputs, U(t-1)
is taken to be the conditional mean

L(t/t - E{g(t)/Z(t), U(t-l)} (17)
13 .
Recau:

TIME STRUCTURE OF PROBLEM

x (&)= AlR)x(¢)+B t)u @O+LH5E)

« The development has an inductive
flavor. The basic process is as follows:

1} Assume that all relevant quantities
are available at time t, Z(t) U(t-1)
« Then:

(@) "Nature" applies €(t)
(b) We apply u (t)
(c) The system moves to state x (t+1)

(d) We make a measurement z(t+1) 3‘({:fl):g(f+‘)ﬁ(t+‘)+g[ff‘)

14
2) We want now to make an estimate of
x(t+1) based on the expanded infor-
mation W u
hewest’ measure
Z(t+1)= {z1n), g<t+1)$ Add

u<t>=3u<t~1>, gmf Add “nowedd ! codnsl Ul

medt 2(tt) D Z(t)
&) "t'a U({"‘)
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« The estimation process is then
divided into two parts

(1) PREDICT CYCLE
What can say about x(t+1)
before we make the measurement
z (t+1)

(11) UPDATE CYCLE

How can we improve our informa-
tion about x(t+1)

after we make the measu rement z(t+1).

16
« STRUCTURE OF INFORMATION

 For Predict Cycle:
We have

17
«For Update Cycle:

We have

Ut) - same as above

2+ 1) ={z(0),... zt, z(t + 1 }
Z(t)
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WHAT DO WE NEED TO PROCESS THE
MEASUREMENT z(t+1)?

The key quantity that needs to be
evaluated is

p(z<_<t+1>/z<t+1}, um)

As far as the measurement z(t+1)
Is concerned, let us view as “prior"
information the probability density
of x(t+1)given Z(t), U(t)

plxit+11/z(t ),um)

19
. Then Bayes rule requires
p(x(t+1)1Z(t+1), um):

p( (t+1)/x(t+l),Z(t) Ul )

p<x<t+1 )7 (t )/

p< (t+1)/Z t), Ut >

20
*Since the measu rement equation

Z(t+1)=C(t+1) x(t+1)
+ o(t+1)

is linear, we need to establish
the gqaussian nature of

p (xit+ 11z (0, utt)
p(z(t+1yix(t+1), Z(1), u)
p(_z_(t+1)/z<ﬂ, Ult)

- Also note that x(t+1) andeg (t+1)
are independent,
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THE PREDICT CYCLE:
EVALUATION OF p(x(t+1)/Z(t), utt)

o Induction hypothesis
p(x(t)Z (), Ut-1)) is qaussian l
R(t) = E{x®)Z(t), Ut-Dfknown

St = cov [x(t) xVZ(t), Ut-1))
known

22
-System Dynamics
x(t+1) = Alt)x(t) + Bbult) + L) £(t)

o x(t)/Zi{t), Ult-1)and &(t)
gaussian and independent

- [p(x(t+1)/Z (1), V(1))
is gaussian

23
NOTATION

« One step predicted estimate X (t+1/t)
(10 S E{xt+ Iz 0u )

« One step predicted covariance:
Z(t+1)/1)

E(t+1/t) £ o[ x (t+1)x (t+1)1Z (1), UIt]

24

CALCULATIONS : One—S+ep pred chov

o Mean
RUE+1/1) =AM X (/) +B(Hu (t)
- Covariance

T(L+1/t) = A(t) Z(t/t) AT (1)

FLID S (1) L' ()

[t

(32)

(33)

(35)

(36)

(37)

Tleas de%vuz tw /33)
plxten)| 26}, UE)




25 Recall @(ZY)/ Bayes rvle:

THE UPDATE CYCLE: P(x (fm)\Z(«eﬂ))U({)) =
The Form of | P(2ten)|x () 260) Ue) ) p(xten) /2‘*{
p\z(t+1iix(t+1), Z(t), u (o) = )
e Measurement equation =
ZO+1) =Ct+D)x(t+1)+ g(t+1) (38) ’P{g—(éﬁ)lZ(ﬂ)U(’c)
P .
view this
as given
»p(g(tﬂ)/g(’fﬂ), zm,um) - (39)
- p(g(ﬂl)/x(tﬂ))
26
«Since 8(t+1) is gaussian
=|p(z(t+11/x(t+1), Z(1), uit)) o)
is gaussian
Efz(t+ 1)/x(t+1), Z(t), u(t)} )
= C(t+1)xr(t+l)

cov [z(t+1) 2+ 1/x(t+1), 2 (0, U1)] @)
= O(t+1)

27
THE FORM OF p (z(t+ 1)/2 (t), Utt))

*Measurement equation

Z(t+1) = Clt+1)x(t+1) +e (t+1) (43)
x(t+1), e (t+1) independent
p(x(t+1)]Z ), ut) (44)
IS gaussian
E{xt+1) [z, ut} = R+ 1) (45) ows -2l ey prediched meant
cov [x{t +1); x(t+1)/Z t), U tt)] Ulowe - ey predched
= S+ 1) Covanancs
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« Alsoelt +1) gaussian

p(zlt+1)/Zb),
Elzit+1)/Z(%),
_Q(t+1)_>g(t+1/t)

covfzit+ 1)zt + 1)/ 7 1), ut]]
= Clt+1) Z(t+ 1) C' (¢ +1)
+O(t+1)

—

uit) gaussian]
utt )% =

29

« Now apply the results of static
case to establish that

p(x (t+1)/Z(t+1), U(t))
'isgaussian

 Updated Estimate
S(t+1/t +1) 2

E§gg<t+1)/z<t+1>, umg

e Updated Covariance
T(t+Ut+1)4 cov[(tu);x_(tm/
Z(t+1), utt)

30
CALCULATIONS
2t Ut+1)= Lt +UD- S+ U C(E+1).
(Ct+ D 2+ VO C M+ D+ + D) e+ Dz 1)
R+ U+ D=8+ 1) +Z{E+ 1+ 1) ¢ +1) 0 Lt + 1),
Jztt+D-c+DR i+ 1) B

52)

ufd ated covanau .
(53)

u ()d;(g;d mearr
(54)
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STOCHASTIC ESTIMATION

The Discrete Time Kalman Filter
Part 2.

32
SUMMARY OF DISCRETE KALMAN FILTER

- State Dynamics:
x{(t+1)

(
(t) €

+
*Measurements:
Z(t+1)= C(t+1)x(t+1) + o (t+1)

Alt)x
L

33
OFF-LINE CALCULATIONS

JInitialization (t=0): -
Z(0/0) =cov [x (0); x (0)]
-Predict Cycle:
2E+1t)=A(H)Z (WA t)
+ L= (L'
-Update Cycle:

2t +1/t+1)= St + 1) - st+1/1t)Ct+1),

CE+DEH+11 ¢ +1)
wt+1)] e+ 13t + 1)

34
Filter Gain Matrix

Hit+1) = S (t+1/t+1)¢'(t+1)0 L(t+1)
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ON-LINE CALCULATIONS

« Initialization:

(t-0)
21000) - £ ;X <o>}

A
R(t+1U=Alt )x(t/tHB( Ju(t)
« Update Cycle
X(E+17E+1) = R(t+1/t) +
N, i i
Updated Predicted
Estimate Estimate
A
Hit+1) jz(t+1) - C(t+1)§(t+l/’[)f
I £
Filter  Residual r (t+1)
Gain
36
STRUCTURE OF SYSTEM
DYNAMICS AND MEASUREMENTS
Measurement
Plant Noise noise
£(t) a(t+1)
Lit) . * 2{t+1)
- C{t+1)
~ Actual
+ measurement
ult) T x(t+1) x{1) State
Input
+
AlD)
37
STRUCTURE OF DISCRETE-TIME
KALMAN FILTER
Measurement Residual State estimate
/athmehl / attimet+1

z(t+1 t+1)

63) | Rer)dwal

?E'StDuAL :
-m)-— ?({—ﬂ) C(é"") ’E“(f )
- (({-+) (~l:+t)+6({:-ﬁ)
o1 — ()R (En])
(62)

= ((&+) [ﬂfﬂ)*ﬁ ()] +B(+)

. Residual 1§ 2ero —meat
Efrn) =0
{ covanan € é [‘E*’l)
5(“—""‘):{? Cov f_f@:-\-c))‘ f(tﬂ)]
— C(f-ﬂ) i(‘&ﬂ’{t)( l(":-ﬂ 4-@(":1’!)

. Reniduals areé drserdle-hme
wliate -noise sequeus

(ouCr ‘ r(‘—]-’—‘ S({) 3

+T

e I State
&E_,O_»H(M e g(mhmm Bl 28
LA at timet
- Filter + Delay
Gain
Clt+1)
te 1t
ul(t)
——pt-H2)= Alt)
input Al
attimet




PREDICT CYCLE

S+l

(1) = ALX(0) + BIOW() + L) € (1) o
. : ail

Ko - A0 £ + Blult) s Pff’d‘c'ho we

=) _‘<t+1ln=!3m§(th)g'unyt@myme:———-?Fe"l‘ cted covanauc

UPDATE CYCLE

Zut+1t+1 - Zee 1l - S 1l ey, uPda'\Léd

Tty §'l(t+1)g<t+1)g<t+1lu Covarquiee

Titellt+1)

Rit+1]t+1)
x{t+1)

Rut+1lt+1) = et 1]t) upda-‘bd meo

e
SH{t+1)r (t+1)

Hit+ = S 1]t Do @ (o) g K‘:gw matri x

S{t+1)

®(t+1)

it 8 z(t+1) Stt+1)= Ct+ DT+t ci(t+1)
SCH+ DR (t+1t) +®(t+1)

Residual Rés i dwval Covannqucl .

A} covananwn ‘mwfeudae;t of detormi nishe L put
U(—é) qnd meaﬁurﬁw@ﬂfl) ’Z;H:) ﬂu\/ cau ke

Cal culated off-liue






