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Theme

The search for a “very special” property... 

Given a nonlinear system,with nonlinear measurements of  the 
state available, find a coordinate transformation that renders 
the dynamics and the output linear on the new coordinates!!!  

(except for a nonlinear output injection term) 

Consider the class of non-autonomous nonlinear systems 
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Theme

•  Challenge for the control problem set at IFAC 1978 (Helsinki) by 
Roger Brockett to Arthur Krener [1]

•  Control problem well understood (during the 80s), see [1, 2] for 
a survey on the new techniques: feedback linearization, input-
output linearization, backstepping , zero dynamics, …

•  Harder to be solved for nonlinear observers

Relevant questions:
•  Conditions for the existence of such transformation

•  Synthesis methods (complexity)

•  Robustness relative to unmodelled dynamics...
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•  First systematic approach [3] that resorts to a nonlinear state 
transformation to linearize the original system up to an 
additional output injection term

Krener and Isidori @ 1983
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Krener and Isidori @ 1983

The proposed solution proposed is composed of three steps (see 
[1, 3] for details):

1)  A set of partial differential equations (PDE) must be solved to 
find g(y)

2)  The integrability of conditions for this PDE involve the vanishing 
of a pseudo-curvature

3)  A coordinate transformation z=f(x) can be obtained after a set of 
PDEs is solved, resorting to conditions on the Lie derivatives of 
the outputs

“The process is more complicated then feedback linearization and 
even less likely to be successful...” in [1]
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Kazantzis and Kravaris @ 1997

Slitghly different objective: 

Given a nonlinear system, with nonlinear measurements of its 
state available, find a nonlinear state transformation that 
renders the observer error dynamics linear!!!  

(except for a nonlinear output injection term) 

(2) 



7

Kazantzis and Kravaris @ 1997

  

Motivated by Luenberger's original ideas on the linear observer 
design problem, the proposed approach will try to reconstruct a

nonlinear invertible function      z = θ x( ).

(3) 
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Kazantzis and Kravaris @ 1997
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Kazantzis and Kravaris @ 1997

The novelty in [4] was the use of this result app to (3) to guarantee 
the existence and uniqueness of solutions.

(4) 



10

Kazantzis and Kravaris @ 1997

(5) 
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Kazantzis and Kravaris @ 1997

Why is this method or structure acttractive?...
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Kazantzis and Kravaris @ 1997

(3) 
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Kazantzis and Kravaris @ 1997

Observer design
In original coordinates

Observer in new coordinates

Linear error dynamics
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Visualization of the Filter
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Krener and Xiao @ 2002 [5]
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Example I from [5]
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Example I from [5]
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Example I from [5]

Run demo! 
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Example II from [5]
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Example II from [5]



21

Example II from [5]
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Krener and Xiao @ 2002 [5]
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Krener and Xiao @ 2002 [5]
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Krener and Xiao @ 2002 [5]
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Krener and Xiao @ 2002 [5]
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•  Other methods to solve the PDE could be used [5]

•  Design method easier to be accomplished than [3]

•  The authors of [4] claim “to be able to do so for all linearly 
observable, real analytic systems whose spectrum of the linear 
part lies wholly in the right half complex plane”.

•  Krener and Xiao extended the method to arbitrary specta [5] 
(the Siegel domain) and showed that the sufficient conditions 
were also necessary.

•  Discrete time [6] and state and disturbance estimation design [7] 
versions became available

Krener and Xiao @ 2002 [5]
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