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a b s t r a c t

This paper proposes two estimation algorithms for the determination of the attitude installation matrix
for 2-D light detection and ranging (LiDAR) systems on board unmanned aerial vehicles (UAVs). While
a comparative calibration algorithm assumes the existence of a known calibration surface, an automatic
calibration algorithm does not require any prior knowledge of the trajectories of the vehicle or the terrain
where the calibrationmission is performed. The proposed calibration algorithms rely on theminimization
of the errors between the measured point cloud and a representation of the known calibration surface or,
alternatively, the errors between several acquired point clouds, by comparing eachmeasured point cloud
with a surface representation of the others. The resulting optimization problems are addressed using two
techniques: (i) nonlinear optimization, where the attitude installation rotation matrix is parameterized
by the ZYX Euler angles, and (ii) optimization on Riemannian manifolds, enabling the estimation of the
attitude installation matrix on the group of special orthogonal matrices SO(3). The proposed calibration
techniques are extensively validated and compared using both simulated and experimental LiDAR data
sets, demonstrating their accuracy and performance.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction

Light detection and ranging (LiDAR) technology is nowadays
widely used in the industry as well as by the robotics and the
remote sensing research communities. The development of air-
borne laser ranging sensors started in the 1970s in North America,
mainly for topographic applications. Later, with the development
of affordable inertial navigation systems (INS) and global position-
ing system (GPS) units, other applications captured the attention
of the research community, such as monitoring ice sheets [1] or
measuring canopy heights [2]. The robotics research community is
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nowadays employing autonomous vehicles equipped with LiDARs
to perform automatic acquisition and 3-dimensional (3-D) recon-
struction of terrain, buildings, large infrastructures, and to obtain
semantic descriptions of complex environments [3,4], using this
information to safely and accurately navigate through unknown
environments [5,6]. Data accuracy is essential for all these appli-
cations, as there are several sources of inaccuracy that can lead to
considerable nonlinear reconstruction errors.

The calibration of 2-D LiDARs on board an autonomous vehi-
cle capable of complex 3-D motion, is one of the most challeng-
ing problems in the extrinsic calibration of LiDAR sensors. There is
comprehensive work in the literature that is dedicated to the anal-
ysis of the intrinsic and extrinsic LiDAR error sources, such as in
[7,8] and references therein. Namely, the identified error sources
include the attitude and position installation biases, range de-
tection errors, scanning angle errors, vehicle attitude and posi-
tion errors, time synchronization errors, etc. While most intrinsic
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errors can be identified and accounted for with laboratory exper-
iments using the sensor, the installation biases are highly depen-
dent on the vehicle and mounting apparatus. It is argued by these
authors that the attitude installation bias, also simply referred to
as the mounting bias, is a particularly important source of error in
LiDAR systems. For instance, an airborne LiDAR acquiring terrain
elevation 300 m above the ground, with 1° of roll mounting bias
will generate points with more than 5 m of error. Moreover, when
working with rough terrain with high slopes the distortions can
become highly nonlinear, which further motivates the necessity of
the calibration of these errors, in particular, the attitude installa-
tion bias, to meet the desired accuracy requirements.

1.1. Relevant work

Most applications requiring a three-dimensional (3-D) recon-
struction of the surrounding environment use one or several Li-
DARs installed on board a vehicle equipped with an INS/GPS unit,
which provide measurements of the relative distances to the ter-
rain and the trajectory of the vehicle, respectively. To obtain con-
sistent and accurate 3-Dmaps it is possible to formulate a problem
that makes use of some characteristics of the environment to ad-
just potential errors in the obtained point cloud and vehicle trajec-
tory, as in [9,10], or address the calibration of LiDAR sensors as a
separate problem prior to the intended 3-D environment data ac-
quisition.

The most common calibration procedures require particular
terrain features and specific vehicle trajectories in order to cali-
brate a subset of the parameters, as found in [11]. For instance, a
standard procedure in the literature for airborne LiDAR calibration
would be to fly over a known flat surface while performing pitch
or roll maneuvers, separately, which would enable the calibration
of only these two parameters. Nonetheless, several difficulties ren-
der the problem of 2-D LiDAR attitude installation calibration spe-
cial, including the absence of any matching information between
the measured point clouds and a known calibration surface, and
also the fact that, with each calibration correction step, the recon-
structed clouds of points will change their shape in a nonlinear
fashion, accordingly to the vehicle trajectory and the terrain.

There are two fundamental approaches in the literature to com-
pare two clouds of points when there is no matching information
between them. The first approach is to use a point-to-point metric,
as in the by-now classic iterative closest point (ICP) algorithm [12],
and assign to each point of one cloud a matching point of the
other cloud. An alternative approach is to use a point-to-planemet-
ric and, thus, to measure the closest distance between each point
of one cloud to a surface approximation of the other cloud [13].
As the surface information is not taken into account in point-to-
point based techniques, they suffer from the inability to slide over-
lapping clouds to find a better fit between them, demonstrating
slower convergence rates than the point-to-plane alternatives [14].

To reduce the conservativeness of the calibration procedures
of 2-D LiDAR sensors, new algorithms were proposed in [15,16],
where the measured point cloud is compared with a plane-wise
representation of the known calibration surface to obtain the cali-
bration parameters. These authors consider the linearization of the
error model to obtain a Gauss–Helmert model and then obtain the
least-squares estimate of the installation bias. This approach was
refined in [17] by considering the full nonlinearmodel of the recon-
struction error and, consequently, resorting to nonlinear optimiza-
tion techniques to obtain the optimal calibration parameters. More
recently, specially with the use of expensive 3-D LiDARs installed
on ground vehicles, several strategies have been proposed, such as
those presented in [18,19], for LiDAR calibration that rely on the
detection and association of artificial features in the point clouds.
Nonetheless, the major drawback of these techniques is that they
make strong assumptions about the environment where the cal-
ibration procedure takes place, either assuming complete knowl-
edge of the calibration surface or adding artificial marks to enable
feature based association.

An alternative for the pose calibration of sensors is the joint for-
mulation of the calibration, localization, and mapping problems
into a single problem. In this approach, the typical state of a si-
multaneous localization and mapping problem (SLAM), such as
[6,20,21], is augmented to include the intrinsic or extrinsic vari-
ables to be calibrated. For instance, in [22] the authors proposed a
method rooted on graph-based SLAM to obtain the robot position
in the mapped environment, the LiDAR position on the robot, as
well as the kinematic variables of the robot. For the case of camera
calibration, a method based on the unscented Kalman filter (UKF)
SLAM is proposed in [23] for obtaining themap of the environment,
the pose of the vehicle, and the pose of the camera relative to the
vehicle.

Within the field ofmobile robotics, the calibration of 3-D LiDARs
on board ground vehicles has been addressed in [24,25]. The for-
mer uses a point-to-plane metric to define a cost function, based
on Euler angles for the attitude installation bias, and a heuristic
search in several directions to avoid local minima. The later re-
sorts to an entropy-based point cloud quality metric, which allows
for the calibration of a 3-D LiDAR sensor using several overlapping
3-D scans, and based on this calibrated point cloud, any 2-D LiDAR
on board the vehicle can also be calibrated. However, noting that
both thesemethods rely on the use of 3-D LiDARdata, the proposed
calibrationmethodswould not be appropriate if only one statically
mounted 2-D LiDAR was used for data acquisition. Furthermore,
using an entropy-based point cloud qualitymetricmight not be the
best approach to use all the available information (see Appendix A)
provided by the type of point clouds obtainedwith airborne 2-D Li-
DARs, as two uncalibrated point cloudsmight only be close to each
other within a small boundary close to their intersection (as can be
seen in Fig. 12(a)).

1.2. Proposed approach

The algorithms proposed in this work can cope with arbitrary
vehicle 3-D motion and terrain topology, yielding accurate cali-
bration of airborne 2-D LiDAR sensors. It is assumed that there is
enough information on the calibration terrain and vehicle trajec-
tories to enable the full attitude installation bias calibration. One
obvious counter-example would be a flat terrain, thus, with no
relevant topological features, for which there would always be
one uncalibrated degree of freedom. The proposed methods use a
point-to-plane metric to compare each acquired point cloud with
either a known calibration surface or a surface approximation of all
the remaining acquired point clouds, by measuring the minimum
distance of each point to the approximated surface. A fully nonlin-
earmodel of the calibration errors is also defined, either using Euler
angles or rotation matrices, thus avoiding the linearization prob-
lems of many works in the existing literature. In addition, by using
rotation matrix representation of the attitude installation bias, op-
timization tools on the special orthogonal group can be used.

Twodifferent approaches are considered for the calibrationpro-
cedures addressed in this paper: the (i) Comparative Calibration,
which considers arbitrary vehicle trajectories and assumes the ex-
istence of a known calibration surface that will be compared with
themeasureddata during the calibration algorithm; and the (ii)Au-
tomatic Calibration, for which no a priori information on the terrain
or trajectory is required and, at least, twomeasured data sets of the
same terrain obtained from different vehicle trajectories are nec-
essary. The former approach was introduced by the authors in [17]
and is included in this paper for comparison purposes, as it rep-
resents the classical approach to this calibration problem. Regard-
ing the automatic calibration, where a known calibration surface
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is not required, several acquired overlapping point clouds of the
same portion of terrain are compared between each other, while
the vehicle performs arbitrary maneuvers. The fundamental idea
supporting the automatic calibration algorithm is that, in an ideal
noise-free world, only one attitude installationmatrix should exist
that fully justifies all the acquired point clouds, in which case the
cost function would achieve its minimum value.

The estimation problem is formulated within the scope of max-
imum likelihood (ML) theory [26], allowing the formulation of the
calibration problem as an optimization problem. The cost function
to beminimized is defined by the summation of the errors between
eachmeasured data set and either the known calibration surface or
a surface approximation of the other sets yielding aweighted scalar
cost function. When using the ZYX Euler angles parameterization
of the attitude installation bias rotation matrix, which is the stan-
dard approach in the literature, basic concepts of nonlinear opti-
mization can be used. For completeness, this paper includes the use
of the Gradient and Newton methods to find a search direction, as
well as a line search algorithm, in particular theWolfe rule, to com-
pute the step size [27,28]. To take advantage of the use of the ro-
tation matrix parameterization, optimization tools on Riemannian
manifolds are devised, enabling the use of the Gradient and New-
ton methods to directly estimate the attitude installation matrix
on the group of special orthogonal matrices SO(3), [29,30]. This
latter optimization approach can also use amodified version of the
Wolfe rule to compute the step size along a geodesic of the man-
ifold. Nonetheless, there exists an exact computation of the step
size within SO(3), as detailed in [31], which is shown to improve
the performance of the algorithm. The proposed calibration tech-
niques are compared using simulated and experimental data sets
to assess their performance and limitations in realistic scenarios.

The main contributions of this work are: (i) the formulation of
the attitude installation bias comparative 2-D LiDAR calibration
problem as a nonlinear optimization problem which is not bound
to any specific trajectory or terrain shape; (ii) the formulation of a
novel 2-D LiDAR automatic calibration problem for vehicles capa-
ble of 3-D motion, for which no a priori knowledge on the terrain
or trajectories used in the calibration procedure is assumed; (iii)
the solution of the optimization problem resorting to a Riemannian
optimization framework to solve the problem within the group of
proper rotationmatrices; (iv) the application of an exact line search
algorithm to find the optimal step size for the Riemannian opti-
mization calibration algorithm; (v) the analysis and comparison of
the proposed algorithms for several optimization techniques us-
ing realistic simulations; and (vi) the validation of the algorithms
using experimental field data using an unmanned aerial vehicle
(UAV). Building on the comparative calibration results presented
in [17], this paper extends and consolidates the results provided in
a preliminary version presented in [32], which introduced the au-
tomatic calibration algorithm. Besides the significant extension of
the simulation results, this paper also presents the validation of the
automatic calibration algorithm using experimental data acquired
on board an unmanned helicopter.

The paper is organized as follows. Section 2 introduces the 2-D
LiDAR calibration problems. In Section 3 the optimization problem
is addressed using the ZYX Euler angles parameterization, whereas
Section 4 introduces the Riemannian optimization framework used
to address the same calibration problems. The performance analy-
sis of the proposed calibration algorithms as well as a comparison
of the several optimization techniques are detailed in the simula-
tion results presented in Section 5. In addition, the experimental
results presented in Section 6 provide further validation of the au-
tomatic calibration approach. Finally, in Section 7 themain conclu-
sions and directions for further research are offered.
2. Problem definition

This paper addresses the problem of finding the best possible
estimate of the attitude installation bias of a 2-D LiDAR sensor
mounted on board a UAV capable of complex 3-D motion. In this
section the comparative and the automatic calibration problems
are defined. Firstly, the 3-D point reconstruction model is intro-
duced followed by the definition of a point-to-plane metric, which
is then used to introduce the cost functions for the comparative
and automatic calibration problems. Finally, the comparative and
the automatic calibration algorithms are unified by rewriting them
as particular cases of a common optimization problem, so that the
same optimization tools can be easily applied.

2.1. 3-D point reconstruction

The point reconstruction model describes the computations re-
quired to obtain 3-D points by combining the vehicle trajecto-
ries and the LiDAR raw data. Assume that an earth-fixed reference
frame {E} and a body-fixed frame {B} are appropriately defined. In
addition, the following coordinate frames are required:
• the LiDAR frame {L}, with origin at the laser’s firing point, z-axis

indicating the opposite direction of the zero scanning angle, and
the y-axis perpendicular to the scanning plane; and
• the laser beam frame {LB}, with origin at the laser firing point, y-

axis collinearwith that of frame {L} and z-axis oriented opposite
to the direction of the laser beam.

These frames and the relationships between them are depicted in
Fig. 1. A measurement l is defined by the pair (ρl, αl), denoting the
distance between the laser firing point and the laser hit point as
ρl and the angular position of the laser beam as αl, which stands
for the angle from {L} to {LB}. Let the rotation from {LB} to {L} be
defined as L

LBR(αl) = Ry(αl), with Ry(.) standing for the rotation
matrix about the y axis, and the laser range measurement as
r(ρl) =


0 0 −ρl

T . Then, the positionmeasurement described
in {L}, denoted by pl, can be defined as pl =

L
LBR(αl) r(ρl).

Therefore, it can be seen that the expression that transforms
the LiDAR measurement into the reconstructed 3-D point Epl,
expressed in the earth-fixed frame, is given by
Epl =

E
BRl


R pl + b


+

EpBl , (1)

where E
BRl is the platform attitude defined by the rotation from

{B} to {E}, at the time that measurement l is acquired, and EpBl is
the INS/GPS unit position expressed in {E}. The position installa-
tion bias is denoted by b ∈ R3, describing the laser firing point
expressed in {B}, whereas R denotes the rotation matrix that de-
fines the attitude installation bias, which is an element of the group
of special orthogonal matrices SO(3). Let M(n, R) = {A : n ×
nmatrix with real entries} and the group of orthogonal matrices
be defined as O(n) = {U ∈ M(n, R) : UUT

= In}, then, the group
of special orthogonal matrices is SO(n) = {R ∈ O(n) :

R = 1},
where the operator |.| denotes the determinant of the argument
matrix.

In this paper, only the attitude installation bias is considered
for calibration, noting that the position installation bias, b, can be
more accurately measured and its influence in the reconstruction
error is not as significant as that of the attitude installation bias.
Nonetheless, the optimization algorithms proposed in the next
sections can be used to calibrate simultaneously the attitude and
the position installation biases with simple changes to the search
direction and step size computations.

2.2. Cloud-to-surface comparison

Due to the nature of the available measurements, it should be
emphasized that the correspondence between the points of the
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Fig. 1. LiDAR acquisition coordinate frames.

different clouds of data is not directly available for the calibration
problems tackled in this paper. Thus, the use of techniques that are
based on the a priori knowledge of the matching between points
of different data sets is not an option. Assume there are nc clouds
of measured points, Ci for i = 1, . . . , nc , resulting from different
trajectories of the vehicle, such that the intersection of the laser
data boundaries of each cloud projected onto the other clouds is
not empty. Each cloud is a set of npi laser reconstructed points,Ci =
Epil


for l = 1, . . . , npi , which consists of a nonlinearly distorted

sampling with noise of the actual surface S. Each cloud Ci can also
be approximated by a piecewise surface Si, consisting of a set of
nsi planes. Moreover, the known calibration surface approximation
used in the comparative calibration algorithm is denoted as S0 and
is also a set of ns0 planes.

The comparative calibration, which assumes that a known cali-
bration surface is available (see Appendix A), compares each cloud
Ci, for all i = 1, . . . , nc , with the calibration surface S0. Conversely,
the proposed solution for the automatic calibration compares
each cloud Ci, for all i = 1, . . . , nc , with a surface approximation
of all the remaining clouds, Sj, for all j = 1, . . . , nc and j ≠ i.
To compare the points of a cloud Ci with an approximated sur-
face Sj, each point is linked to the closest plane of Sj along its
normal vector, thus, defining a point-to-plane metric. Consider-
ing the set of planes that define Sj, let the plane associated with
the measurement l of Ci be defined by the set of points p ∈ R3

that verify the equation of the plane pT nijl + dijl = 0, where
nijl =


aijl bijl cijl

T
∈ R3 is the plane normal unit vector and

dijl ∈ R is the distance to the origin. Thus, the point-to-plane dis-
tancemetric, depicted in Fig. 2, is represented by the error between
eachpoint Epil and the associated plane of the surface. This distance
is defined as eijl =

E p̄ijl −
Epil , where E p̄ijl =

Epil − nijl Dijl denotes
the point in the associated plane closest to Epil (naturally along the
normal to the plane, nijl ), and the distance along the normal vector
is defined as Dijl =

EpT
il
nijl + dijl .

2.3. Calibration problem

Using the reconstruction model (1) and after some algebraic
manipulation, the measurement error introduced above can be
written as

eijl(R) = Hijl R pil + cijl , (2)

where

Hijl = −nijl n
T
ijl

E
BRil ,

cijl = Hijl b− nijl n
T
ijl

EpBil
− dijl nijl ,
Fig. 2. Point-to-plane distance metric.

and R ∈ SO(3) is the calibration parametermatrix to be estimated,
whereas Hijl ∈ M(3, R), pil ∈ R3, and cijl ∈ R3 are known param-
eters. Note that this error, which will be used to define the opti-
mization problem, is fundamentally different from that of the well
known Procrustes problem, see [33,34] and references therein, as
the matrix Hijl depends on the specific measurement l and the as-
sociation between clouds i and j.

Assuming that the probability distribution of the measurement
error is a Gaussian and defined by p(eijl) = N


0, σ 2

ijl
I3


, the

calibration problems can be formulated within the scope of the
maximum likelihood estimation theory as that of maximizing the
reconstruction error probability function, or equivalently, mini-
mizing a log-likelihood function f (R), i.e.,

R∗ = arg min
R∈SO(3)

f (R), (3)

noting that the log-likelihood function f (R) will be defined be-
low. The comparative calibration problem can be formulated con-
sidering the errors between each measured point clouds, Ci, and
the known calibration surface approximation, S0, yielding the log-
likelihood function

fcomp(R) =

nc
i=1

npi
l=1

1
2 nc npi σ

2
i0l

ei0l(R)
2

. (4)

On the other hand, the automatic calibration problem, where no
known calibration surface is available, considers all the errors be-
tween each measured set of reconstructed points, Ci, and the sur-
face approximation of the remaining clouds,Sj, for all j = 1, . . . , nc
and j ≠ i, yielding the log-likelihood function

fauto(R) =

nc
i=1

nc
j=1
j≠i

npi
l=1

1
2 nc(nc − 1)npi σ

2
ijl

eijl(R)
2

. (5)

Both these cost functions can be further simplified, by mapping
the successive summations into only one, and a new unified
cost function can be defined by considering the errors for each
combination of cloud-to-surface comparisons, yielding

f (R) =

n
i=1

1
2 n σ 2

i

ei(R)
2

, (6)

where ei(R) := Hi R pi+ci and σi are obtained from the previously
defined variables ekjl(R) and σkjl , for all k = 1, . . . , nc , j =
0, . . . , nc , j ≠ k, and l = 1, . . . , npi , considering the total number
of point-to-plane comparisons, n, and using a simple index map to
obtain the global index, i = 1, . . . , n. The uncertainty parameters
σi can be used to model different error behaviors, for instance,
increasing its value according to the range distance of each point or
accounting for the differences in accuracy of several laser sensors.

It is fairly simple to obtain the complexity of computing both
cost functions, (4) and (5), regarding the number of clouds, nc , as
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well as the maximum number of points per cloud and the max-
imum number of planes per approximation surface, respectively
defined as
np = max(np1 , . . . , npnc ), (7)

ns = max(ns0 , ns1 , . . . , nsnc ), (8)
where npi and nsj are defined above. To compute the error between
ameasured point of cloud i and the surface approximation of cloud
j, eijl(R), it is necessary to find the corresponding plane of the ap-
proximation surface Sj, which has atmost ns planes. Thus, the com-
plexity of computing the comparative calibration cost function can
be shown to be O(nc np ns), whereas the complexity of the auto-
matic calibration cost function is given by O(n2

c np ns).

3. Optimization using Euler angles parameterization

In this section the optimization problem is reformulated to
estimate an Euler angles vector, λ, instead of the rotationmatrix R.
Letλ ∈ R3 be the ZYX Euler angles parameterization of the rotation
matrix, i.e. R = R(λ), then, the optimization problem (3) can be
written as
λ∗ = argmin

λ
f (λ)

with f : R3
→ R given by

f (λ) =

n
i=1

1
2 n σ 2

i

Hi R(λ) pi + ci
2

.

As described in Algorithm 1, the optimal calibration parameters,
denoted by λ∗, are computed using the Gradient and Newton
methods, that at each iteration k provide a descent direction, dk ∈

R3. This descent direction is used to update the next estimate λk+1
by solving a minimization subproblem, usually called line search,
to find the optimal step size along the direction dk.

Algorithm 1Minimization using Euler angles
Initialize k = 0 and λk
repeat

Compute descent direction dk
Compute the step size by solving the minimization subprob-
lem

t∗k = argmin
t≥0

f (λk + t dk) ;

Compute next parameter estimate:

λk+1 = λk + t∗k dk ;

until
∇f |λk+1

 < ϵ
return λ∗ ← λk+1 as the optimal parameter

3.1. Descent direction

To compute the descent direction dk, the most widely used
method is the Gradient method, for which dk is computed using
the gradient of the cost function, ∇f (λ)|λk . It can be seen that the
descent direction for the gradient method is given by
dk = −∇f (λ)|λk

where the gradient is computed using

∇f (λ)|λ =


∂ f (λ)

∂λ1

∂ f (λ)

∂λ2

∂ f (λ)

∂λ3

T

and
∂ f (λ)

∂λj
=

n
i=1

1
n σ 2

i
eTi Hi

∂ R(λ)

∂λj
pi.
The Newton method uses the Hessian matrix, denoted by
∇

2f (λ)|λk , yielding faster convergence near the optimum value.
The descent direction for the Newton method is defined by

dk = −

∇

2f (λ)|λk

−1
∇f (λ)|λk

where the Hessian matrix is given by

∇
2f (λ)|λ =

∂2 f (λ)

∂λ ∂λT =


∂2 f

∂λj ∂λl


and

∂2 f
∂λj ∂λl

=

n
i=1

1
n σ 2

i


eTi Hi

∂2 R(λ)

∂λj ∂λl
pi

+ pT
i

∂ RT (λ)

∂λj
HT

i Hi
∂ R(λ)

∂λl
pi


.

3.2. Line search

The step size optimization subproblem inAlgorithm1 is numer-
ically solved using theWolfe conditions [28]. Consider the function
φ : R → R defined by φ(t) = f (λk + t dk) and derivative given
by φ̇(t) = ∇T f |λk+t dk dk and let also µ(tk) = φ(0)+ σ φ̇(0) tk and
µ0 = λ φ̇(0), where σ and λ are parameters of the algorithm. The
Wolfe rule classifies the step size according to the sets

A =

tk > 0 : φ(tk) ≤ µ(tk) ∧ φ̇(tk) ≥ µ0


R = {tk > 0 : φ(tk) > µ(tk)}

L =

tk > 0 : φ(tk) ≤ µ(tk) ∧ φ̇(tk) < µ0

 (9)

that define respectively the acceptable, the right unacceptable and
the left unacceptable step sizes as depicted in Fig. 3. As detailed
in Algorithm 2, the line search algorithm consists of finding an ac-
ceptable step size, i.e., an estimate of the optimal step size.

Algorithm 2 Line search using the Wolfe conditions
Require: Search direction dk

Set i← 0
Initialize ti > 0, e = 0, and d = +∞
Compute φ(ti) and φ̇(ti)
while ti /∈ A do

if ti ∈ D then
Set d = ti

else {ti ∈ E}
Set e = ti

end if
Choose ti+1 ∈ (e, d)
Set i← i+ 1
Compute φ(ti) and φ̇(ti)

end while
return t∗ ← ti as the optimal step size

4. Optimization on Riemannian manifolds

This section introduces the optimization methodology on Rie-
mannian manifolds. Since the rotation matrix R is an element of
the group of special orthogonal matrices SO(3), which is an em-
bedded submanifold of M(3, R), the optimization tools adopted
in this section are based on the simple exercises of the Rieman-
nian geometry theory and allow for the minimization of the log-
likelihood function directly on the manifold of special orthogonal
matrices SO(3). The concepts of intrinsic gradient and the Hessian



B.J. Guerreiro et al. / Robotics and Autonomous Systems 62 (2014) 1116–1129 1121
Fig. 3. Wolfe rule.

derived for SO(3) produce descent search directions in the mani-
fold and the cost function is minimized along geodesics in SO(3)
to obtain an estimate of the optimal step size. For a comprehensive
introduction to the subject and for applications with orthogonality
constraints the reader is referred to [29,30].

Considering the log-likelihood function f : SO(3) → R given
in (6), the optimization problem reduces to the one defined in (3)
and the optimal value R∗ can be computed using the Gradient or
the Newton methods generalized to manifolds. As described in Al-
gorithm 3, given the current parameter estimate Rk, at iteration k,
thesemethods compute a descent direction in the intrinsic tangent
space, dk ∈ TRkSO(3), allowing to obtain the new estimate Rk+1 by
solving aminimization subproblem along the geodesic of theman-
ifold, also denoted as the line search. A geodesic along themanifold
is defined as γdk(t) ∈ SO(3), with initial conditions γdk(0) = Rk
and γ̇dk(0) = dk. The accuracy of the solution is determined by
the constant ϵ and the norm is determined using a metric in the
parameter space SO(3).

Algorithm 3Minimization on SO(3)
Initialize k = 0 and Rk
repeat

Compute descent direction dk
Compute the step size by solving the minimization subprob-
lem

t∗k = argmin
t≥0

f

γdk(t)


;

Compute next parameter estimate:

Rk+1 = γdk(t
∗

k ) ;

until
∇f |Rk+1

 < ϵ
return R∗ ← Rk+1 as the optimal parameter

The definition of the canonicalmetric for a given rotationmatrix
R ∈ SO(3) is inherited from the canonical metric in the Euclidean
space M(3, R). While the tangent space of M(3, R) is identified
with TRM(3, R) ≃M(3, R) and represented by the usual gradient,
the tangent space of SO(3) at point R is identified by TRSO(3) ≃
RK(3) = {RK : K ∈ K(3)}, where K(n) is the set of n × n
skew-symmetricmatriceswith real entries. To define the canonical
metric inSO(3), let two tangent vectors {δ1, δ2} ∈ TRSO(3), which
are identified with δ1 ≃ RK1 and δ2 ≃ RK2, with {K1,K2} ∈

K(3), then ⟨δ1, δ2⟩ = tr

δT1 δ2


, where tr (.) stands for the trace of

a matrix.

4.1. Descent direction

To improve the accuracy of the descent direction estimate, this
section adopts generalizations for manifolds of the gradient and
the Newton methods. The derivation of the gradient and the Hes-
sian of the log-likelihood function are described below specifically
for the SO(3) manifold.
Fig. 4. Projection of the extrinsic gradient.

4.1.1. Gradient method
The log-likelihood function (6) can be generalized to M(3, R)

by defining the smooth function f̂ : M(3, R) → R such that
f̂ |SO(3) = f . The tangent space on M(3, R) is characterized as the
direct sum of two tangent spaces complementary to SO(3), that is

TRM(3, R) = TRSO(3)⊕

TRSO(3)

⊥
,

where the operator⊕ stands for the direct sumof two sets and (.)⊥

is the orthogonal complement of its argument. The smooth vector
field defined by the extrinsic gradient gradf̂ |R ∈ TRM(3, R) is
decomposed as the sum of its tangent and orthogonal components

gradf̂ |R =

gradf̂ |R

⊤
+


gradf̂ |R

⊥
and is identified with the usual gradient in M(3, R), that is

gradf̂ |R ≃ ∇ f̂ |R :=
∂ f
∂R
:=


∂ f
∂rij


i,j∈{1,2,3}

,

which, for the proposed calibration cost function, is given by

∇ f̂ |R =
n

i=1

1
n σ 2

i
HT

i


Hi R pi + ci


pT
i .

Hence, the intrinsic gradient ∇f |R ∈ RK(3) is obtained by the
projection of the extrinsic gradient on the tangent space TRSO(3),
i.e. ∇f |R = (∇ f̂ |R)⊤, as illustrated in Fig. 4. The projection of
the extrinsic gradient results from an optimization problem with
closed-form solution given by

∇f |R = R argmin
K∈K

∇ f̂ |R − RK
2

= R arg min
K∈K(3)

skew 
RT
∇ f̂ |R


− K

2

= R skew

RT
∇ f̂ |R


,

where skew (A) := 1/2(A−AT ) is the skew-symmetric component
of A. Thus, at each iteration k the intrinsic gradient direction used
in the optimization algorithm is

dk = −∇f |Rk = −Rk skew

RT
k ∇ f̂ |Rk


.

4.1.2. Newton method
The Newton method uses the second order properties of the

log-likelihood function to compute the descent direction, resulting
in an increased convergence rate near the optimal value when
compared to that of the Gradient method. Nonetheless, it should
be noted that this algorithm is harder to implement, requires more
memory, and may yield non-descent directions, in which case the
implementation of the algorithm must use the gradient direction
instead.
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Given two tangent vectors {X, Y} ∈ TRSO(3) and the corre-
spondent extension {X̂, Ŷ} ∈ TRM(3, R), the intrinsic Hessian is
given by compensating the external Hessian using

Hessf (X, Y) = Hessf̂

X̂, Ŷ


+ΠR (X, Y) f̂ ,

where the second fundamental form

ΠR : TRSO(3)× TRSO(3)→ (TRSO(3))⊥

is a differentiable local vector field on M(3, R) normal to SO(3).
The external Hessian is identified by the usual second order deriva-
tive in Euclidean spaces

Hessf̂

X̂, Ŷ


= vec (X)T ∇2 f̂ |R vec (Y) ,

∇
2 f̂ |R =

∂2 f̂

∂vec

R


∂vec

R
T ,

where X̂ ≃ X ∈ M(3, R), Ŷ ≃ Y ∈ M(3, R), the vec (.) operator
is the vectorization of a matrix, and it is a matter of algebraic ma-
nipulation to see that the extrinsic gradient for the calibration cost
function is given by

∇
2 f̂ |R =

n
i=1

1
n σ 2

i
pi pT

i ⊗ HT
i Hi,

where⊗ denotes the Kronecker product operator. The second fun-
damental form applied to f̂ yields

ΠR (X, Y) f̂ = −⟨R symm(XT Y),∇ f̂ |R⟩,

where symm (A) := 1/2(A + AT ) is the symmetric component
of A. The Newton method search direction at iteration k is the
unique tangent vector dk ∈ TRSO(3) that satisfies Hessf (X, dk) =
−⟨X, dk⟩ for all X ∈ TRSO(3). Let E = {E1, E2, . . . , Em} be an or-
thonormal basis for TRSO(3), then the Newton direction coordi-
nates zik in the basis E , such that dk =

m
i=1 zik Ei, are computed

by solving the linear system

Ahess zk = bhess,

where zk =

z1k · · · zmk

T is the unknown parameter vector,

bhess = −

⟨E1,∇f |Rk⟩ · · · ⟨Em,∇f |Rk⟩

T , and
Ahess =

Hessf (E1, E1) · · · Hessf (E1, Em)
...

. . .
...

Hessf (Em, E1) · · · Hessf (Em, Em)

 .

The orthonormal basis used in this paper is given by Ei =
1
∥ωi∥

R S(ωi), for i = 1, 2, 3, where ω1 = [1 0 0]T , ω2 = [0 1 0]T , and
ω3 = [0 0 1]T . The skew-symmetric matrix S(a1) ∈ K(3) stands
for the cross product operator, such that a1 × a2 = S(a1) a2, for
some a1, a2 ∈ R3.

4.2. Line search

A geodesic is defined as the curve in the manifold with zero ac-
celeration, and is fully characterized by its initial position and ve-
locity conditions, respectively, γdk(0) and γ̇dk(0). In the particular
case of SO(3), the geodesic γdk : I→ SO(3) is defined as

γdk(t) = Rk eR
T
k dk t ,

where I is an interval in R, dk ∈ Rk K(3) identifies the tangent
vector, and the initial conditions are given by γdk(0) = Rk and
γ̇dk(0) = dk. Differentiation of the geodesic function, relative to
the step variable, t , yields

γ̇dk(t) :=
d γdk(t)

dt
= dk eR

T
k dk t .

The step size optimization subproblem of Algorithm 3 is numer-
ically solved using the Wolfe conditions [28], as presented in the
previous section, generalized to line search on geodesics. To this
end, consider the line search cost function along geodesics φ :
R→ R defined as φ(t) = f


γdk(t)


with derivative given by

φ̇(t) = ∇T f |γdk (t) γ̇dk(t).

The remaining of the algorithm is in every aspect identical to that
of the line search using the Wolfe rules described in Section 3.2.

4.3. Closed-form line search

Taking advantage of the periodicity of the objective function,
the exact optimal solution for line search problem can be found by
simply determining the roots of a fourth order polynomial, as de-
tailed in [31] for a similar cost function. It is noted, however, that if
the position installation bias is considered for calibration the direct
application of this closed-form line search would not be possible,
as the objective function would have a non-periodic component.
Given a search direction d, computed using either the Gradient or
the Newton methods for SO(3), the line search optimization sub-
problem is solved by minimizing φ(t) = f


γd(t)


. It is a matter of

algebraic manipulation to show that the line search cost function
can be written as

φ(t) =
n

i=1

1
2nσ 2

i
tr


MT

i e
−� tRTNiR e� tMi

+ 2WT
i R e� tMi + Ci


(10)

where Mi = pi, Ni = HT
i Hi, Wi = cTi Hi, Ci = cTi ci and � =

1
∥ω∥

S(ω) with S(ω) = RT d. As � has unit length, Rodrigues’ for-
mula, e� t

= I+� sin t+�2 (1−cos t), can be readily applied. Sub-
stituting this formula into (10) and simplifying, it can be seen that

φ(t) = k1 + k2 sin t + k3 cos t + k4 sin 2 t + k5 cos 2 t,

where kj, j = 1, . . . , 5 are constant scalars. To find the optimal
value for the step size the first order condition of optimality, given
by dφ(t)

dt = 0, yields

k2 cos t − k3 sin t + 2 k4 cos 2 t − 2 k5 sin 2 t = 0

and the optimization subproblem is now to find the values of t ∈
[0, 2π) for which the previous condition is satisfied. The first step
is to make a trigonometric half-angle substitution, x = tan t

2 , re-
ducing the first order condition of optimality to a fourth order poly-
nomial in x,

x4 + b3 x3 + b2 x2 + b1 x+ b0 = 0,

where bi, i = 0, . . . , 3 are constant scalars. After finding the roots
of this quartic polynomial,which is a standard procedure described
in [35], the optimal value of t is the real root for which the cost
function is minimal.

As this closed-form step size computation algorithm does not
guarantee, by itself, a decrease in the cost function, the Wolfe
rule described in previous section is used whenever a higher cost
is detected. This behavior may occur near the optimum, as a
consequence of having noise in the acquired data.

5. Simulation results

To assess the performance of the proposed algorithms, a digital
elevation map (DEM) is synthetically generated in Matlab, based
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Fig. 5. Comparative calibration example: calibration surface S0 , trajectory (ma-
genta), calibrated (green) and uncalibrated (yellow) laser beams.(For interpretation
of the references to color in this figure legend, the reader is referred to the web ver-
sion of this article.)

on the shuttle radar topography mission (SRTM) data for the area
of Grand Canyon, AZ, USA (see [36–39] for further details). The
data is used to define the terrain surface that has enough features
disposed without symmetries, S, which is then approximated by
a set of planes to define the known calibration surface, S0. This
can be seen in the example of the comparative calibration shown
in Fig. 5, where the platform trajectory, the calibrated points, and
the uncalibrated points using the initial condition, are overlaid on
the known calibration surface. An automatic calibration example is
also shown in Fig. 6, featuring the two different trajectories and the
approximated surfaces, S1 and S2, which were obtained from two
clouds of simulated laser data, C1 and C2. Naturally, it can be seen
that the uncalibrated surfaces are very distant from each other,
Fig. 6(a), whereas the calibrated surfaces are virtually coincident,
Fig. 6(b).

This section compares the accuracy and performance of the dif-
ferent optimization approaches and calibration algorithms intro-
duced before, resorting to extensive Monte Carlo runs. To this end,
the distance to the optimal value is defined in SO(3) and the so-
lution of the Euler angle optimization approach λ∗ is evaluated as
R∗ = R(λ∗) ∈ SO(3). Let Rtrue, R∗ ∈ SO(3) be, respectively, the
true rotation matrix and the optimal rotation matrix obtained us-
ing the proposed algorithms, and let also R̃ = RT

true R
∗
∈ SO(3) be

the error rotation matrix. The performance of each method can be
evaluated by defining the distance from R̃ to I asR̃

SO(3)
= arccos

 1
2


tr


RT
true R

∗

− 1


.

The initial conditions for all the Monte Carlo runs presented in
this section were computed using a uniform distribution between
±30° for each component of the ZYX Euler angle vector λ0 yielding
the rotation matrix R0 = R(λ0). The true value for all the trials is
defined by the rotation matrix, Rtrue = R(λtrue), obtained from the
ZYX Euler angles vector λtrue =


5.73 2.86 −2.29

T degree.

The stopping criterion usedwas

∇f |Rk∇f |R0 < 10−6 and all the simula-

tions were performed using the Matlab R⃝ simulation environment
on an Intel R⃝ XeonTME5645 processor at 2.4 GHz with Ubuntu op-
erative system. Although both the Gradient and the Newton search
directions were introduced for each optimization approach, the
best convergence rates were obtained using the Newton direction,
and for that reason, the results presented in this paper always use
the Newton search direction.
Table 1
Summary of simulation results for the comparative calibration.

Method Noise
NLW SOW SOC

Average CPU time (s) 49.6 53.2 40.4 No
95.8 99.5 46.4 Yes

Average number of iterations 6.8 6.9 5.9 No
7.4 7.8 6.8 Yes

Failure (%) 5.8 2.0 0.0 No
5.5 1.3 0.0 Yes

RMS error (°) <10−6 <10−6 <10−6 No
1.82 1.11 0.93 Yes

Maximum error (°) <10−5 <10−5 <10−5 No
4.48 1.56 1.33 Yes

5.1. Comparative calibration

Considering the comparative calibration algorithm, three differ-
ent configurations of optimization methods and line search algo-
rithms are tested:

NLW: nonlinear optimization using Euler angles parameteriza-
tion and Wolfe rule;

SOW: optimization on SO(3) using Wolfe rule; and
SOC: optimization on SO(3) using closed-form step size.

These configurations will be compared in this section in order
to highlight the advantages and disadvantages of each of them.
Firstly, these threemethods are tested using a computer generated
noise-free data set, for which the objective function is smooth near
the optimal value, as the reconstructed 3-D points can be made to
be coincident to the calibration surface S0. In addition, the meth-
ods are tested with another data set, for which the simulated Li-
DAR range data is corrupted with additive white Gaussian noise
with zero mean and standard deviation of approximately 10% of
the maximum height variation of the simulation terrain. The ob-
jective of these simulation scenarios is to see the influence of the
imperfections when the actual surface S is approximated by the
control surface S0 and when the reconstructed 3-D points cannot
be made coincident with the calibration surface. The experiment
consisted of 1000Monte Carlo runswith random initial conditions,
and for each initial condition all methods were tested with and
without noise addition. Considering the objective function com-
plexity analysis detailed in Section 2.3, there are three main pa-
rameters involved: the number of point clouds, nc ; the maximum
number of points per cloud, np; and the maximum number of
planes used to approximate each cloud by a planewise surface, ns,
as defined in Eqs. (7) and (8). For the comparative calibration un-
der analysis, there is only one point cloud, nc = 1, with np = 800
points, and the surface approximation procedure considers a max-
imum of ns = 240 planes.

Table 1 presents several statistical indicators of the simula-
tion results for the comparative calibration algorithm: the aver-
age computation time, the number of iterations, the percentage
of failure, and, most importantly, the root mean squared (RMS)
and maximum errors, which are computed from the distance er-
rors in SO(3) between the obtained solutions and the true rota-
tion matrix. The computational efficiency of the methods can be
observed through the average CPU time and number of iterations.
While NLW and SOW have similar values for these indicators, it
is evident that the Riemannian method with closed-form step size
(SOC) shows a significant decrease in both indicators, particularly
in the CPU time, either with or without noisy data. When the data
is corrupted by noise, there is also an increase of nearly 30% on the
average CPU time of all the methods relative to the case where no
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(a) Before calibration. (b) After calibration: S1 , S2 , trajectories and laser beams.

Fig. 6. Automatic calibration example: approximated surfaces S1 and S2 , trajectories, and laser beams.
noise is considered, which can be attributed, for instance, to the
increased difficulty of the line search procedure.

The use of the percentage of failure is justified by the fact that
the problem at hand is highly nonlinear and nonconvex, as the
control surface has discontinuities and even the actual surfacemay
introduce local minima. It can be noticed that, while the first two
methods (NLW and SOW) have failure rates of less than 6%, the
method that resorts to the closed-form step size (SOC) seems to
be less sensitive to these hazards for the presented Monte Carlo
simulations.

The performance of the comparative calibration algorithm and
the three optimization methods can be evaluated using the RMS
and maximum errors for the case where the data is corrupted
by noise. Regarding the simulations without noise, the maximum
error is always less than 3.0 × 10−6 degree. The main trend to
consider in these indicators is that the optimization inSO(3) yields
smaller errors than the optimization using Euler angles (NLW),
showing a decrease of, at least, 39% in the RMS error and 65% in the
maximum error. Besides having smaller average CPU time, the SOC
method also proved to be the most accurate method, with a RMS
error of 0.93° and a maximum error of 1.33°. Therefore, it is fair
to say that the Riemannian optimization using a closed-form step
size is more efficient and has the best performance, presenting the
best qualities in the analyzed aspects: computation time, number
of iterations, less prone to failures and most accurate estimates in
the presence of noise.

5.2. Automatic calibration

The simulation results presented in this section aim at validat-
ing and analyzing the properties of the automatic calibration algo-
rithm aswell as to demonstrate that there is a relation between the
number of planes considered for the surface approximation and the
accuracy of the solution that can be achieved by the optimization
method, for the same number of laser measurements. Noting that
the previous results indicate that the optimization on SO(3) has a
higher accuracy than the optimization using Euler angles, the pre-
sented results only consider the following two configurations for
the automatic calibration:

AutoSOW: automatic calibration using optimization on SO(3)
and Wolfe rule; and

AutoSOC: automatic calibration using optimization on SO(3) and
closed-form step size.
The results consist of Monte Carlo runs with random and uni-
formly distributed initial conditions, as detailed for the compara-
tive calibration results. Two points clouds are considered, nc = 2,
each of them with 2334 points (thus, np = 2334), and the sur-
face approximation is based on a xy-plane uniform sampling grid
for each cloud of laser points, finding the best z-coordinate value
based on the surrounding laser points. A set of planes is then gen-
erated to be used by the calibration method in each iteration as a
surface approximation of that point cloud.

To establish the relation between the maximum number of
planes and the solution accuracy, several surface approximation
scenarios are considered, ranging from ns = 50 to ns = 2450
planes. Fig. 7 presents the main statistical indicators of the simula-
tion described above: the average computation time, the percent-
age of failure, and also the RMS andmaximum errors. Each point in
these plots represents the results of 150 or 100 Monte Carlo runs,
respectively, for ns ≤ 800 or for ns > 800. The first striking ev-
idence provided by these results is that AutoSOW and AutoSOC
have similar performance if the maximum number of planes ns is
greater than 500. It is also visible that the AutoSOCmethod consis-
tently yields better accuracy in terms of RMS andmaximum errors
than the AutoSOW method, which seems to perform marginally
better only when ns = 2450. Regarding the percentage of failure,
the AutoSOCmethod shows amuch greater immunity to localmin-
ima than the AutoSOWmethodwhen ns is smaller than 200 planes,
for instance, achieving a value lower than 10% even for ns as low as
70 planes. Conversely, for ns greater than 200 planes the AutoSOW
method is consistently less prone to local minima.

Onemajor conclusion emerging from these simulation results is
that the most appropriate choice of the parameter ns might not be
the highest possible in terms of computational power, as the most
accurate solutions are obtained for ns ∈ [200, 300], where both
methods were able to obtainmaximum errors below 0.5° and RMS
errors below 0.2°. A possible explanation for this behavior is that,
when the number of planes used for the surface approximation ap-
proaches the number of points of each cloud, the accuracy of the
approximationmight not increase, ormay even be overfitted to the
measured point cloud. This can result in degradation of the achiev-
able accuracy when comparing one point cloud to the overfitted
surface approximation for another point cloud. Nevertheless, for
any value of ns above 125, both methods show RMS errors below
1°while having automatic calibration times as low as 8 min. These
results indicate that the proposed automatic calibration methods
can provide accurate estimates of the attitude installation matrix
of 2-D LiDARs.
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(a) RMS and maximum errors. (b) Percentage of failure.

(c) Average CPU time.

Fig. 7. Automatic calibration analysis.
The evaluation of the performance differences between the
comparative and the automatic calibration approaches is somehow
unfair and difficult, as the former considers a known calibration
surface to compare with the LiDAR data. It is also impossible for
the latter approach to have a completely error free simulation, as
each measured cloud of points is approximated by a set of planes
and, thus, will always have approximation errors. Nonetheless, the
accuracy of the comparative calibration, when noise is considered,
can be confronted with the accuracy of the automatic calibration
methods. Thus, it is noted that the RMS errors of the automatic
methods, when ns is above 125, are always below those of the for-
mermethods, which for the SOW and SOCmethods are 1.114° and
0.935°, respectively. Regarding the much higher computational
times, there are two factors that explain this difference: (i) the in-
creased number of point-to-plane comparisons and (ii) the higher
surface approximation accuracy used in the Monte Carlo simula-
tion runs.

6. Experimental results

This section presents the validation of the automatic calibra-
tion algorithms using experimental data acquired using a custom
unmanned helicopter shown in Fig. 8, which is a property of the
Institute for Systems and Robotics. The vehicle is equipped with a
Memsense nanoIMU, an Ashtech GPS receiver, and a Hokuyo UTM-
30LX laser scanner. In addition to the available continuously oper-
ating reference stations (CORS), an additional reference stationwas
setup in the field where the LiDAR data was acquired. Although
these reference stations can be used to provide real-time GPS cor-
rections to the vehicle positioning system for higher accuracy, this
information was stored and used for post-processing of the GPS
data. The post-processedGPS and IMUmeasurementswere used to
obtain the pose of the vehicle at each time instant, resorting towell
known attitude and positioning filters based on the results pre-
sented in [40,41], which, together with the laser measurements,
can be used to obtain two clouds of points to test the calibration
algorithms. While the performance of the considered attitude fil-
ter, in similar conditions to those used in this experimental results,
is reported to be 0.125° in terms of mean angle error, the post-
processed GPS data has been reported to have a standard deviation
below2 cmwhen the base station is notmore than 5 kmaway from
the vehicle, which was ensured during the data acquisition. As the
position filter used in this experimental setup implements the sen-
sor fusion of the GPS and accelerationmeasurements, the standard
deviation of the position errors should be smaller than 2 cm. The
available specifications for the Hokuyo laser sensor used in these
experiments indicate that the range of measurement of standard
deviation is 1 cm from 0.1 to 10m and 3 cm from 10 to 30m, it has
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Fig. 8. Unmanned helicopter used for airborne LiDAR data acquisition for the
calibration experiment.

Fig. 9. Airborne image of terrain acquired for calibration, from which two
overlapping patches with approximate dimensions of 90 × 30 m were chosen for
the calibration experiment.

0.25° of angular resolution, and a laser footprint of approximately
20 cm at a distance of 20 m.

The worst case scenario for the proposed calibration algorithm
is a flat terrain, as it would be impossible to solve the calibration
problem independently of the vehicle trajectories. Conversely, the
calibration will achieve better performance if the environment has
smooth but steep slopes and contains non-symmetrical 3-D fea-
tures, as long as an appropriate surface approximation algorithm is
considered. The terrain acquired for calibration is shown in Fig. 9,
where the presence of vegetation (which generates a sparser cloud
of points) and the small slope variations of the terrain can be no-
ticed, thus, increasing the difficulty of the calibration procedure. In
the data sets used for calibration, the vehicle describes two differ-
ent and overlapping trajectories, as shown in Figs. 11(c) and 12(b).

The experimental results presented in this section are focused
on the automatic calibration algorithms, AutoSOW and AutoSOC,
as it is extremely difficult to have a known calibration surface, nec-
essary for the comparative calibration algorithms (NLW, SOW, and
SOC). As it is equally demanding to obtain accurate enough ground
truth attitude installation matrix, these results do not intend to
show that the optimization solutions are close to some true angu-
lar installation bias. Instead, a statistical consistent measure of the
performance can be obtained through extensive Monte Carlo runs
for random initial conditions, showing that the solutions provided
by the proposed methods have a low standard deviation. Exploit-
ing this experimental analysis direction, the presented experimen-
tal results consider nc = 2 point clouds and several scenarios for
the remaining parameters of the computational complexity, np and
ns. In particular, a subsampling procedure is applied to the two ac-
quired point clouds, which have a total of 42834 and 53899 points,
Table 2
Summary of experimental results for the automatic calibration with np = 4000.

ns 200 800 2450 Method

Avg. CPU time (h) 1.7 4.1 11.8 AutoSOW
2.0 4.4 12.6 AutoSOC

Avg. number of iterations 11.0 11.2 11.7 AutoSOW
15.0 12.6 13.2 AutoSOC

Percentage of failure (%) 5.3 6.0 8.0 AutoSOW
4.7 3.0 6.0 AutoSOC

Solution standard deviation (°) 1.79 1.35 0.75 AutoSOW
1.68 0.94 0.75 AutoSOC

Solution maximum deviation (°) 16.33 2.30 2.63 AutoSOW
16.31 1.92 1.22 AutoSOC

Number of runs 150 100 50

respectively, so that the maximum number of points per cloud is
limited to a value in the interval np ∈ [1000, 4000] points. This re-
sults resort to the same computational capabilities used in the sim-
ulation results, presented in the previous section, and the initial
conditions were computed using a uniform distribution between
±30° for each component of the ZYX Euler angles. For instance, the
average solution is found to be λavg =


1.65 −2.64 −2.66

T
degree, for the AutoSOC algorithm with 4000 points per cloud and
ns = 800, which was computed from the average rotation matrix
in SO(3) obtained with the method described in [42].

The statistical indicators of the performance of the two auto-
matic calibration algorithms, considering several scenarios of ac-
curacy, are presented in Fig. 10 and, particularly for the case when
np = 4000, in Table 2. One key conclusion drawn from the anal-
ysis of these experimental results is the fact that the standard de-
viation of the calibration solutions drops as the values of np and ns
are increased, either using SOWor SOC algorithms, achieving 0.75°
for np = 4000 and ns = 2450. An exception to this rule is when
values of ns are near or above those of np, which yields a stagna-
tion or degradation of performance, while also increasing the CPU
requirements. In addition, the AutoSOC algorithm, which uses the
closed-form step size, achieves higher accuracy in terms of stan-
dard deviation than the one using only the Wolfe rule (AutoSOW),
echoing the simulation results presented before. The downside of
AutoSOC in these experimental results seems to be a consistently
(but marginally) larger average computational time.

It is also interesting to note that, when ns = 800, an increase
of np = 3000 to np = 4000 results in a mild decrease on the com-
putational time of both algorithms, which might indicate that the
lower values are not appropriate to fully describe the terrain, yield-
ing poor convergence rates of the optimization algorithm. Also, the
fact that for np = 4000 the maximum deviation of the AutoSOW
algorithm increases when changing from ns = 800 to ns = 2450 is
also interesting. The reasoning behind this may be related to hav-
ing ns and np too close to each other, or to the previously supported
evidence that the AutoSOW algorithmmay be more prone to local
minima than the AutoSOC algorithm for certain choices of ns.

As mentioned in the automatic calibration simulation results,
when the number of planes used for the surface approximation
approaches the number of points of each cloud, the accuracy of
the approximation might not increase, or the surface approxima-
tion may even be overfitted to the measured point cloud, yielding
a degradation of the achievable solution accuracy. It is also noted
that the choice of the total number of points in each cloud (and ul-
timately np) defines how well the point cloud used for calibration
represents the actual surface, thus influencing the limitations in
the choice of ns for the surface approximation. Provided that each
point cloud is a good representation of the actual terrain, it is ar-
gued that the choice of ns is limited by, but not directly dependent
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(a) Standard deviation. (b) Average CPU time.

Fig. 10. Automatic calibration experimental data analysis. The AutoSOWalgorithm is represented using dark surface edges and the AutoSOC is representedwith interpolated
colors for the surface edges. The data points used to generate the surfaces are represented with blue circles and green squares, respectively, for the AutoSOW and AutoSOC
algorithms. Note that the axes are rotated for the sake of clarity. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)
(a) Before calibration: a detail of the errors between clouds of points. (b) After calibration: consistent reconstruction of both clouds of points.

(c) After calibration: overview.

Fig. 11. Automatic calibration experimental data:C1 in red,C2 in green, and respective vehicle trajectories. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
on the choice of np, but rather dependent on the size, geometry, and
complexity of themost relevant terrain features for the calibration.

The reconstructed point clouds and their approximation sur-
faces used in the algorithms are presented, respectively, in Figs. 11
and 12, before and after the calibration. It can be seen that without
calibration there is a considerable error between the two clouds of
points, Fig. 11(a), which is mitigated using the calibrated attitude
installation bias found by the proposed algorithms, Fig. 11(b).

7. Concluding remarks

This paper addressed the problem of 2-D LiDAR calibration on
aerial vehicles by building on a comparative calibration algorithm
andproposing a novel automatic calibration algorithm, resorting to
numerical optimization methods to estimate the attitude mount-
ing bias rotation matrix R ∈ SO(3). While for the comparative
calibration algorithm this is achieved by minimizing the distance
between a cloud of acquired LiDAR points and a known calibra-
tion surface, the automatic calibration algorithm minimizes the
distances between several clouds of acquired LiDAR points, assum-
ing no a priori knowledge of the terrain. The latter algorithm is one
of the major contributions of this paper, as it suppresses the use of
a known calibration surface, representing the true terrain to which
all measured points are compared. To solve these estimation prob-
lems, two numerical optimization approaches were used: (i) non-
linear optimization using the ZYX Euler angles parameterization of
the attitude bias installation matrix, R = R(λ), and (ii) a Rieman-
nian optimization framework for the group of special orthogonal
matrices, SO(3). Both approaches were tested using the Newton
direction, the Wolfe rule for the line search subproblem and for
the case of the optimization in SO(3), a closed-form solution for
the computation of the step size was also used.

The performance and limitations of the comparative and the au-
tomatic calibration algorithms, as well as the different numerical
optimization approaches, were tested in Matlab simulation envi-
ronment and with experimental data, from where it is possible to
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(a) Before calibration detailed view. (b) After calibration.

Fig. 12. Automatic calibration experimental data: plane-wise surface representation of the two point clouds (using a gray scale depending on the height of each surface
plane), vehicle trajectories (in magenta) and a subset of the laser beams used in the presented results (in dashed yellow). To better distinguish the two different surfaces,
one is represented using dark edges for each plane and the other is represented with interpolated colors for the edges, depending on the face color of each plane. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
conclude that all methods are able to find good estimates for the
2-D LiDAR calibration problem, even with real life and noisy air-
borne data. The optimization on SO(3) with the closed-form step
size computation displays some immunity to local minima and
higher accuracy estimates. Additionally, the accuracy of the esti-
mated parameters obtained using the automatic calibration algo-
rithm tends to increasewith the number of planes used to describe
the surface approximation of each cloud of laser measured points,
as well as with the number of points per cloud, despite possible
limitations imposed by the sensors, terrain, and trajectories of the
vehicle. Nonetheless, the presented results also indicate that values
of ns close to or above np can result in a degradation of accuracy in
the solution of the calibration problem, as the surface approxima-
tion will be an overfitted surface for that particular point cloud.

Future directions of research include the convergence analy-
sis of the algorithm and considering nonuniform surface approx-
imations in order to decrease the computational time, as the same
approximation error might be achieved with less planes. Further
work is also needed in order to address the computational com-
plexity of the algorithm, by using efficient data structures to speed
up the search procedures and dedicated C/C++ functions to tackle
some Matlab limitations, and also to include other sources of re-
construction errors, such as the time delay between laser acquisi-
tion and the INS/GPS data or the range measurement error.
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